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PREFACE. 



In compiling this work the Author has read nearly all the 
beet writers on the subject, — Bourdon, Hymbrs, O'Bbies, 
Salmon, Young, and Wooliiouse, all containing valuable 
information. 

In an elementary treatise like the present, it is impossible 
to go into the subject in such a manner as O'Brten and 
Salmon have done in their able and extensive works; yet it is 
to be hoped that the student will find this work an useful 
introduction to the more oluhom.o writings of those two emi- 
nent mathematicians, as well as to contain almost, if not all, 
the properties of the Conic Sections most in use. 

Mr. Gompeetz, ono of the most eminent of our English 
mathematicians, has just published a valuable tract on 
Porisms, which he calls '" Hints on Porisms, in a Letter to 
T. S. Davtes, Esq., F.R.S., F.S.A.," and in which he solves 
the following beautiful problem connected with the subject 
before us : — " A circle and a parabola cutting each other being 
given in position and magnitude, to find the points of inter- 
section." 

It is announced that Professor Davies is about to publish 
a treatise on this subject himself. This will be a work which 
those interested in Porisms will look forward to with the 
greatest interest, as Mr. Davies is undoubtedly inferior to 
no living geometer on these subjects. 

The student will find many examples fully worked out in 
this treatise, to some of which there are no figures given, but 
so clearly indicated as to give little trouble in forming them. 
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Section I. — Straight Line. 



(1.) The position of a point in ft plane surface is de- 
termined by referring it to what are termed its axes of 
co-ordinates, as follows: — 



be drawn, the position of the point ' 

P will be determined if AN and PN A N 
be given, sinco no other than one 

point can fulfil the conditions required by the relation of 
AN and PN. Now, AN and NP are termed the co-ordinates 
of the point P, AV and AX are called respectively the axis 
of ordinates and the axis of abscissa;, and from their relation 
to one another co-ordinatal axes. Aud since in using the 
co-ordinates of a point the abscissa is usually denoted by x, 
and the ordinate by y, AY and AX are respectively termed 
the axis of y and the axis of x. The point A is termed the 
origin. In general the co-ordinate axes are taken perpen- 
dicular to one another; they are then called rectangular axes, 
and the co-ordinates are termed rectangular co-ordinates. 

(2.) We have said that a point P was determined by the 
co-ordinates AN and NP. This is not strictly true, for the 



Let there be taken in a plane 
two indefinite right lines AY, AX, 
inclined to one another at a given 
angle YAX. Now, if a point P bo 
taken in the plane, it is evident 
that if PN, a line parallel to AY, 




B 
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conditions imposed by the magnitude of the co-ordinates 
would bo fulfilled also by another point, as shall he shewn. 

(3.) Produce the axes of AY and AX, as in the figure, so 
that the plane surface may bs por- 
tioned out into foar quarters. Now, Y 
suppose it is required to locale the Pj p 
point whoso co-ordinates are a and I ; 

6. Let AN = a, NP=5; then Px, I \ J at 

is one point fulfilling the required j 
conditions. But ANj may bo also ' 
taken— a, and N, P, = i,N,P 2 = 6, a '■> 

NP., = i, and we shall therefore have 1 
four points equally satisfying the original condition, viz., that 
the co-ordinates should he a and b. But it is evident that if 
such ambiguity attend our determination of the position 
of a point, there will often iiriso inconvenience. This defect 
algebraic geometry supplies in the following manner: — 
A being the origin, AN is equal to + a, NP=+8, But 
the abscissa of a point situated on the axis of y, is = 0 ; so 
that at the termination of the first quarter of space the 
abscissa is = 0. And, similarly, a line measured in the 
direction AN, , which is equal in magnitude to AN, must be 
analytically expressed by — («), to show that we have passed 
the limit of the first quarter, and come into the second 
quarter of space. In a similar manner, it will be easy to 
conclude that, if the ordinates he measured below the axis 
of is, they must likewise he affected with a different sign. 
The student should compare this with the change of sign in 
sin fl, cos 0, tan 6, &c, in passing through the four quadrants. 

(4.) It is evident that, conformable to these remarks, we 
shall have the following results : — 

* Jl determine the point P 
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We thus see that the position of a point is determined by 
means of its co-ordinates. 

(5.) To complete the theory of points, we shall now proceed 
to determine an analytical expression for the distance be- 
tween two given points. 

To find the distance between two given pointa referred 
to rectangular axes. 

Let the co-ordinates of M and M' = {of jO, and 
let M'M = D be the distance; draw M'R parallel to the 
axis of x, then in the right-angled triangle M'EM, 
we have MM' 2 = ME' + M'R 3 , 

but MR = MP — RP = 3/ — y", M'R = PP' = a/ — x", 
.: MM" = D a = ( & - y"f + (V - at') 2 , 



x' 




•'■ » = \Ay , -y") i + (<✓ -•")**■ 

This formula is general, and holds equally in the case 
where the points are situated in an opposite direction ; with 
respect to one of the axes, it is only necessary to change the 
sign which, corresponds to the change of position. 

Thus, for example, to obtain the distance of two points, 
one of which, M, is in the angle YAX, and the other, M', is 
in the angle YAX', we must change the sign of x", which 
gives 

* If the angle MM'R, or the angle which the right iino MM makes with 
the axis of x = a, we havo = tan a; but MR = y' — y", and 

W&^xf-x", 
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D = v 'V-J'") , + (*' +«")•. 



for M'M ? = MR 2 + M' R = , and MR = y — y" , as before, 
but M' R = AP + AP' = at + 

.; D = vV -$<")* + + *")"• 
If ono of the points M be at the origin, then «' = 0, 
y = 0, and the above becomes 

D = vV + «*■ 
When the axes are oblique, the triangle MM'B is oblique ; 
then, by Hann's Trigonometry, page 56, 




SI'S I s = Wit 2 + SI'R 2 — 2SIR . M'RcosMRM'j 

but MR = y — y" ; M'R=**— and cosSIRBI'=— ■ 
cosSIRK=— cosi3 (g being the angle S1RK, which is the 
same as the angle that the axes make with each other), 

... D a = (y-yT + W-rfy + 2 C/-y") C^-*") cos ,5, 



or d = v'ty'-y'T+(- i;, - iB ")' J +2cy-y") (^iW 
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Section II. 



(6.) Curves are divided into orders or degrees corre- 
sponding to the sum of the exponents of % and y, and the 
term which contains the highest sum of exponents shows 
the order of the curve. Thus, j = « + « ia an equation of 
the first degree ; y" + xy + b* = 0, y" — a? + my — c* = 0, 
are equations of the second degree ; and y 1 + ar + x"-y + 
cxy 1 + bxy + ex +fy + d is an equation of the third 
degree. 



(7.) The general form of this equation is Ax + By + 
C=0, the constants A, B, C, being either positive or negative. 

This equation may be put under the form y= — ^> 
or y = ma + h if m = — g , h = — 

m and h being unrestricted as to sign. 

So that we have two forms of the equation of the first degree, 
Ax + By + C =0 ... (I), or y=mx + h ... (2), 
both equally general. 

(8.) To find the equation to a straight line. 



Referring the line to the rectangular axes AX and AY, 
let AN = x, PN = y, AB = h. 



Equation of the first degi 
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BD BD' 
PN — DN FN — AB 



AN 



a constant ratio, 



y — h _ 



- = a constant quantity ; 

but — — -- - = tan PBD — tan PCX, which call m, 
BD x 

and -we have - 



y — U= mx, or y = mx + h, the equation to the straight 
line. 

PD 

(9.) For oblique co-ordinates, the ratio — ia constant, 
as before, but in this case we have 

PD sin PBD __ sin PCX 
BD ~~ sin BPD ~~ sin PBY ' 



^7 




If YAX, the inclination of the axes, = $, and PCX, tho 
angle which the line PC makes with the axis of x, = a, the 
above becomes 

PD _ sin « 

BD ~ m ~~ ain(/3-.)' 
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(10.) To determine the equa- 
tion to a right line in terms of 
tlie intercepts on the axes *. 

The general equation to a 
right line is A x + By + C = 0, 
let AG = a and AH = b ; 

when x = 0, E y + C = 0, 



when y = 0, Ax + C = 0, 



Divide the general equation 
by C, 




5 « + -gy + i = o, 

_ = _ 1 d B 



1 



1 



f + 1 = 0, 



or - + |=1; this is tho equation to HG, which cuts off the 
intercepts AH and AG, which are positive; 

* The equation to lie lino G'H is evidently 

y = + « + ». 

The equation to the Una H'G, cutting the axis of T below tlie origin, is 

y = mx — ft. 
The equation to HG, having m negative, is 

y = - m* + ft. 

The equation to the lino G'H', which cuts the aiia ofr to the left of the 
origin, and the axis of y below it, having buth hi and ft negative, is 
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— — %■ = ] is the equation to the line OH', which cuts off 
a b 

a positive intercept on the axis of x, and a negative intercept 
on the axis of y; 

~ — — is the equation to the line IIG', which cuts off a 

negative intercept on the axis of x, and a positive intercept 
on the axis of y ; 



- 1 is the equation G'H'. 



(11.) Let the angle 
PAG = «, AG = . 



the intercepts of the.axes, and 
let p = perpendicular jVP, 



b cos (00 — a) — p, 



these substituted in the equation — + ~ = 1, 



give x cos x 



- y sin a =p. 



(12.) Find the equation to a straight line passing through 
a given point. 

Let sty" be the co-ordinates of the given point; then, as 
the general equation for every point in the line is 

y = mx + ft (]); 

therefore, at the given point, 

y = mx' + ft, 

.-. ft =/ — mat 1 (2). 

Substitute this value of k in (1), and we have 

y — y 1 = m {x — of), or y = m (x — of) + if, 
or y = mx + y 1 — mx' ; 
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we have here determined h, but having no other given con- 
dition we cannot determine ?», which, therefore, remains 
indeterminate, as it ought, for any number of lines may be 
drawn through one point. 

(13.) To find the equation to a line passing through two 
given points. 

Let M and M' be the two given points whose co-ordinates 
are x", if, and x", y". 

The equation will be of the form, 

y = mx + h (1), 

and since each of the points M and M' is in the line, 

^ = maf +ft (2), 

y" = m«" + h (3). 

Subtract (3) from (2), and we have, 

Substituting this value in equation (2), 

i j y — p" , _ s?y" — tfx" . 

J at -of' x'-x" ' 

these values of wi and ft, substituted in equation (I) give, 

for the required equation. 

Or thus : — subtract (2) from (1), and we have, 
y — y 1 = m (x — si), 
an equation which still contains the unknown quantity in. 
Subtracting (3) from (2) we obtain, 

y'-y' = m(a>'~*"), 

B 3 
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10 ANALYTICAL GEOMETRY. 

Tho value of m substituted in the preceding equation gives 

f-f = 7^'<*-*0 « 

an equation which contains only given quantities. 

The identity of the equations (4) and (5) may he easily 
Bhewn : we find, from equation (5), 

which hy reduction becomes, 

tf — g" , x'y" — y'x" 

The second method is evidently much more simple and 
elegant than the first. 

(14.) To draw through a given point a right line parallel 
to a line given in position. 

Let x', y he the co-ordinates of the point M, through which 
we can draw a line DH parallel to a given right line BL. 

The equation of the first right line being 

y = mx + h (1), 

that of the required line will be of the form 

y = m'x -j- h' (2), 

m' and Jt' being the two constants which we must determine. 
Since DII passes through the point M, the equation is 

y = m V + k' (3). 

Subtracting (2) from (3), we have y — y" = m' (a — of); 
and because the lines are parallel, m' = m, 

■■■ !)-/ = »>(*-*'). 
which is the equation of the required line, and it differs only 
from the above equation by the ordinate at the origin, which 
is in this case t/ — maf. 
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(15.) Two right lines being given to find their point of 
intersection and also their angle of intersection. 

Let y = mx + h "1 be ^ e q Uations to the two lines. 
y = m'x + h') 

At the point of intersection the co-ordinates are the same 
for both lines ; hence, at this point, 

mx + k = m'x + h' 

m'x — m x = h — h' 

h — h' 



this substituted in tlie first equation givt 



of the point of intersection. 

T , , . ft — h' m (A - h') . . 
If m = m, we have % = — - — , y = - ; ; that is, 

these values are infinite, as they ought to be, as the lines are 



To find the angle of intersection. See figure, page 13. 
Taking tho axes rectangular and putting V for the angle 
of intersection; in the triangle EMG, 

MGX = EMG + MEG, 
.-. EMG, or V = MGX — MEG = *' — «, 
a' and * being the angles that the two right lines form with 
tho axis ofx. Then by Harm's Trigonometry, p. 31, we have 

, i \ * „ tan*' — tan* 

tan(*' — a), or tan V = 7 - ......... (1), 

* 1 + tan «' tan * w 

and since the axes are rectangular, tan «' = m', and tan * = m, 



1 + m'm 
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When the axes aro oblique, we have 



Bin(jS — «') ' Bin(£ — a) 
From the second relation, 

sin a = m sin (8 — «), or 
Bin a = m sin 8 cos * — m sin a cos $. 
Dividing by cos a, 

tan a. = ?n sin 8 — m tan a cos 
_ msiug 
* — ] 

Iii the same manner, 

tan a' = - 



1 + m' ci 
substituting these in (1) we have, 



l + 7 



(1 + m'cos/3)(l +mcosg) 
reducing and observing that sin^g + cos 2 *? = 1, 
(vif — m) sin g 



1 + ircm' + (ws + m') cos 8 
If we suppose f?= 90, sin/3 = 1, and cosfJ = 0, we have, 

m' — m 

tan V = „ as before ; 

1 + mm 

when V=90, l-\-mm' = Q, .: m'=—^l 

when the axes are oblique 1 + m . m' + (m + m') cos $ = 0, 

1 + mcos/3 

.-. m' = s- 

m + cosp 
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(16.) The relation 1 +m.m' = 0 
can be shewn from the figure. 
The triangle EMO is right-angled 
at M; the two angles, MEG and 
MGE, are complements of each 
other, 

.'. tan MGE = cot MEG 



tan MEG 

hut tanMGX, orm' = — tan MGE, tan MEG = m, 
.-. to' =— — , or mm' + 1=0. 

TO 

(17.) From a given point to draw a perpendicular to a 
given line, and find the length of this perpendicular. 

Let BL be the given right line, and MG the perpendicular 
on BL, let a/ and y' be the co-ordinates of the point M, and 
let the equation to the right line BL be 

y = mx + U (1), 

since the right line MG passes through the point of, its 
equation |_12) will be of the form 

y — y = to' (x — x") ; 
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but since these lines are to be perpendicular to each other, 
we have mm' + 1=0, or 



therefore, the preceding equation becomes 

j—y— i(«-«o» w- 

This is the equation to the perpendicular MG. Now, to 
find an expression for the length of the perpendicular MH, 
wo have X 1 , y', the co-ordinates of the point M ; and if we 
can find those of the point II, we have only to substitute 
these four co-ordinates in the expression for the distance 
between the given points (art, 5), and we shall have the 
distance MH. 

As the point H is the intersection of BL and MG, we must 
elimiuate x, y by the equations (1) and (2) ; thus, we must 
find the values of x — x', y — y', considered as unknown; in 
order to do this we must put equation (1) in the form 

y — y , = n(x-x , )-y J + maf + h (3), 

= (a). 

Subtract, and we have 

0 = (i» + i-) (x - a?) -tf + maf + h, 

* If we take the general equation Ax + By-f-C = 0, then the equation 
to a right line perpendicular to it is A (y — y") = B — x'), for 




substituting this value for m, y — y' = (x — of) becomes 



ANALYTICAL 

_ y* — mat — ft _ m {1/ — my — ft)^ 

~ 7 1 ~ «• + 1 ; 



this value being substituted in (2), gives 



m* + 1 m. 3 + 1 

Substituting these values of a> — a^, y — in the ex- 
pression for D, we have, putting P for the perpendicular, 



F ~V K + i)^ " 

V^( W r+l)(i/-my-7Q : _ (/- 1 «a : '-A) y/m a + l 

K + J) ~ »* + 1 

. P _ — mat — fy 

\/ m~ + 1 

for the length MH. 

(18.) The double sign may be thus explained: y* represents 
the ordinate MP, and mat + ft represents the ordinate NF of 
BL, corresponding to at or AP ; hence, 

MN = MP — PN = y — mat — A. 

Now, this distance may be either positive or negative, 
that is, it may bo either greater than nothing or less than 
nothing, according as the point M is above or below BL ; for 
example, if the point was in M', we should have 

M'N' =N'P' — M'P' = mat + h ~ 1/. 

When the point M is above the right line BL, in which 
case y — mat — ft > 0, we have 

p= ^_-mg^~ft. 
y/m* + 1 

and if the point M is placed below tho right line BL, then 
we have the condition / — mat — A < 0, 
■ p — wt^ 4- ft — 1/ 
y/m* + 1 
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10 ANALYTICAL GEOMETRY. 

"We can obtain both these results geometrically ; in fact, 
MP and MH being respectively perpendicular to AP aud BL, 
it follows that the angle NMH equals the angle BLX = <*. 
Now, in the right-angled triangle NMH, we have 



MN MN 




/m s + 1 

If the point M was below BL, we should have 
M'N' = mat + h — y', 



(19.) If the point from which we wish to let fall the 
perpendiculars be at the origin, we have in this case a! = 0, 
y' = 0, then 



this result is positive or negative, according as the point B is 
above or below the origin. 

(20.) Through a given point to draw a straight line which 
shall make a given angle with a given straight line. 

Let the given line be represented by the equation 
y = mx + h, then, because the required line passes through 
the given point of, y\ its equation will he of the form 
_y — y = m' (x — at), and since these right lines ought to 
form an angle whose tangent is (, we have (art, 15.) 

* This ia sometimes riven P = Az + G ja { olas ^ Uy 

VA 2 + B a 
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; = f , or - 

1 + mm ' J+mU 



either of these equations expresses the tangent of the given 
angle. 

We can comprehend these two expressions in one, thus 



1 + mm' ' l^mt 

this value substituted in the ahove equation for m', gives the 
equation of the required line. 

s-</-- 

Examples on the Straight Line. 

1. The equation (2y + x) (3 y — = 0 represents two 
straight lines inclined to one another at an angle of 135°. 
The equation is at once resolved into the two 

2y + x = 01 
and 3y — x = Oj ' 

» w 

**m y= I 

each of which represents a straight line passing through the 
origin, since x = 0, gives y = 0. 

Now, the coefficient of x is the tangent of the angle which 
the line makes with the axis of a:. 

Hence, if flj be the angle which (1) makes with axis, and fl 2 
be the angle which (3) makes with the Bame, 

tan 8j = — \ 
and tanfl 2 
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18 ANALYTICAL GEOMETRY. 

Now, if <p be the angle between the lines (1) and (2), 



11 5 

"23 6 



' 1 + tan 6j tan 6 3 . _H 

9'3 0 

.-. $ = 135°. 

2. Find tho equation to a straight line which bisects the 
angle between the lines 

5^-2^ = 0 (I), and Sy + 4a = 12 (2). 

Let (x, y) be any point in the required line; then, since 
this line bisects the angle between (1) and (2), the perpen- 
diculars from (x, y\ on these must be equal. 

Ax + By + C 

Substituting in the formula P = ; , we gel 

fa \f A 2 + B* 

the perpendicular on (1) 

_ — %x + by 
~~ v/4 + »5 ' 

4a> + 3« — 12 

and that on (2) = ; — — , 

V y/W + 9 

. ^j! ~~ ^£ = — — — — is equation required, 

y/W 5 
i. «. (25 - 3 \/afl)y - (10 + 4 s/Wi) x + 12 v/29 = 0. 
But a/29~= 5-38, .-. equation becomes 

8-86y — 31-62* + 84-156 = 0. 
3. Find the angle between the lines whose equations are 
1 + 3d) + 2j = 01 
and 3 + 2a> — 3# = 0 J* 
These equations become 

3 1 n\ 
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and y = |* + 1 (2), 

therefore, if fl, be the angle which (1) makes with the axis of 
x, and fl a the angle which (2) makes with the same, 

tan & L = — |, and tan fl a = |. 

tan 6 ± . tan fl 2 = — 1; 
hence the lines are at right angles to each other. 

4. Find the length of the perpendicular from the point 
x = 8, y = 5, upon the line 7 a; — 3 y = 9. 

The length of a perpendicular from a point x, y, upon the 
line Ax + By + C = 0, is 

Aa;+ By + C 

In the present example x = 3, y = 5, A = 7, B = — 3, 
and C = — 9, 

21-15-9 3 



or, independently of the sign, the length of the perpendicular 
equals — =— 

5. The following equation represents two straight lines at 
right angles to each other. 

2y _ % X y — 2a,* - y + 2a- = o 

.-. 2^ {y - 2a) + a (y - 2#) - - 2*) = 0, 
... (2y + x— l)(#-3a;) = 0. 
Hence, equation (1) is resolved into the two 



and 



2y + =01 
y — 2* = 0/' 
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which evidently represent two lines at right angles to each 
other, for they are each equations of the first degree, aud 
therefore represent straight lines; and since the coefficients 
of x divided hy those of y in the two equations when mul- 
tiplied together = — ], the lines are at right angles to 
each other. 

6. In the figure to Euclid, hook i. prop. 47, prove that the 
the lines FC, KB, and AL meet in one point. 

Take A for the origin, AG and AH for co-ordinate axes. 
Now, equation 

to FC is -4r -f J- = — 1, 




and AD : AC : : FG : GC : : AB : AB + AC, 
AB . AC ,1 1 1 



AB + AC AD AC AB 

similarly, AB : AB : : HK : BH : : AC : AB + AC, 



.-. equation to FC becomes x ( + — \ + — = —1, 
x \ AC AB / AC 

and to KB ... i +y (J 5+ i.)=_,, 

.-. for P their intersection ~ — = 0, 

AC AB 

AN AC . . ., 

.-. = — , .-. ANP is similar to ABC, 

NP AB 

and .". P is in AL, that is, the perpendicular from A on BC. — 

1. In the equation ay" + ixy + dy + car=0, find the 
relations among the coefficients, that it may represent two 
straight lines. 
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The condition is, that the equation may be resolvable into 
two factors of the first degree, and since we observe that if 
x = 0, y = 0, and that the coefficient of ar = 0, we assume 
the equation to become 

(Aa + By) (Cy + 1) = 0, 
.-. AC my + BCy 2 + Ax + By = 0; 
by comparing this with the original equation we get the relation 
amongst the coefficients — viz., 

a =. BC' 
1) = AC 
d = B ' 
e = A . 

.-. ae = A . B . C = bd is the relation required. 

8. ABCD is a parallelogram, AE 
and ED parallelograms; about its dia- 
meter CB. Show that the diagonals 
of these, viz., HF and GL, meet CB 
in the same point. 

Talte E for the origin, EF and EL for co-ordinate axes. 

let HE = a, EF = b, EL — a', and EG = V. 

Then equation to HF is — — + y = 1, 




a' a 

and ... CB ... x = y = -^y; 

therefore, for intersection of CB and HF, 

( 1 l \ i . ~- aa ' 

a — , = 1 , ■*. X = y 

\ n' a J a — a 

bx ab 

Dkgilizcd Ey Cull-iL 1 
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and for intersection of CB and GL, 

/ 1 I \ , a a' 

\ a a J a — a 




hence, HP and GL intersect CB in the samo point. 

9. Prove that right lines 
drawn from the l.lnw angles of 
a triangle to the middle of the v 
opposite sides intersect in the 
same point. 

Let the axis of x coincide 
with the base of the triangle, 
and the axis of y he AY, the 
axes being rectangular. We 
must now determine the equa- 
tions of the lines AF, BE, CD, but before we do this we 
must find the co-ordinates of the points A, B, C, D, E, F. 

For the co-ordinates of the point A ... (y = 0, a> = 0). 
If AB = c, then the co-ordinates of 1 , n , 
the point B { (y = 0.* = 4 

For the point c (y = y'> x = af). 

Now, as D, E, F, are in the middle of AB, AC, BC, we have 
AB c CH / «' 



_CU_;/ BH C — a/ 

FG — — — -, GH — — _ — — , 

this gives the co-ordinates of the points. 

D ( s = 0 ' *=!)■ 
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('-£ «a 





Since each of the lines AF, BE, CD, passes through two 
points, and the general equation to a right line through 
two points is 

»-•>'=;?=$<<»-*'>. 

substituting for a/, y", y", af', the corresponding values in 
the figure under consideration, we shall obtain y and x for 
each particular line. 

Since AF passes through the two points 

•-f 

its equation is » — 0 = f« — 0), 

2 

■"■ 2/ = g + ^ « is the equation to AF (1) ; 

and, since BE passes through (0, c) ^ ~ , — ■ ^, 



its equation is y — 0 = — {x — e), 

And since CD passes through fy, x!) ^ 0 , | ^, 
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its equation is (y — y') = — ^—^ O — 



or y = V + ; - . s (* ~ *0» 



.(3); 



c + ar* y' 
and from these x = — <j — , y = y 

Or having the co-ordinates of AF, BE, CD, we may pro- 
ceed as follows : — 

Since AF passes through the origin, its equation is ot 
the form y = ax, and since it passes through the point 

( _ + ^ \ , we hare the relation 

a \ % ) c + x' 

.-. the equation of AF is y = ~-gX (1). 

The right line BE passing through the point B, or (c, o) 
its equation is of the form y = a' {x — c). In the equation 
y — y- = a(x - x 1 ), we must put 0 for y 1 , and c for af, 
and a for a', hut as this line passes through the point B, or 
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hence the equation to the line BE is 



In the same manner for CD, 



' ix'- 



P«-e) (3.) 



From equations (1) and (2), 



c + a/ 



aftf.x— 2cy , .x = cy'.x — c*tf + ixftf .x — c*y, 
or by reduction, 



substitute this value in (1), and we have y = 
From equations (1) and (3) we have, 

Hx'y'. x — cy'.x = Haf.x — cy + ftj»y .a» — c<cY, 
or 3c</.* = «y(« + « = °±^; 

and, consequently, y = ^ 

Hence we see that, the co ordinate?! of the point of inter- 
section of tlie two right lines A F and BE uru identical with 
those of the point of intersection of AF and CI); tuus the 
three lines intersect in the same point. 

In rellectiiiR upon the preceding analysis, it is easy to seo 
that the procedure is the same whatever be the inclination 
of the axes. 
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However, they become more simple when we take AB for 
the axis of x, and take for the axis of ordinates a straight 
line AY parallel to CD, which we can do when the line CD 
is given in position. 

In that case, it is plain that the ahscissa xf of the point 

C = AD, or ~, where c = Sa?', and the equations (1), (2), (3), 
will he as follows : — 

the equation to the straight -line AF, y = x, * 



the equation of the etraight line CD, x=rf, 

(since the last line is parallel AY.) 

These things being premised, combining the last equation 

with the first, there results y = ~ ; and combining it with 



Thus the co-ordinates of the point of intersection of CD, 
AE, and of CD, BE, are 



This proves that the choice of axes influences the sim- 
plicity of calculation in resolving questions by Analytical 
Geometry. 

10. To prove that the perpendiculars drawn from the an- 
gular points of a triangle cut one another in the same point. 

* Since the line AF passes through the origin and makes on angle with 
ns.il of aliicisBte = tan -1 jp, and sicca tha line BE makes an angla with 
the same axis = tun-' — and cut* the axil at a distance 2/ from 
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Referring to rectangular axes, since we have to consider 
the relation of perpendiculars Y 
from two sides, take for tho axis 



CD, a) = a/ (l), since it is pa- — i — L-li — L_i 

rallel to the axis of y. a d n u 

Having found the equations of AP and BE, we must com- 
mence to find that of the lineB CB, AC, to which they arc 
perpendicular. 

Since the line CB passes through two points {y", a/), and 
(o, c) its equation is y — = a (x — of), a having for its 

value - when we put y" = 0, x" = c. 

That of the line AC passing through the origin is ,y = mx 1 

m being = — , since the point C is on that line. 

Those things being done, as AF passes through tho origin, 
it has an equation y = a?x; and, as it is perpendicular to 
CB, we deduce the equation aa' + 1 = 0, where a' = — 

J- " — ^ ■ . c — tf 

— = — . since the equation of AF is y — — -p— %. (2). 

The line BE passing through the point B, where the co- 
ordinates are o, c, has for its equation y = m' (x — c). 

But since it is perpendicular to AC, there results the 
relation mm +1 = 0, where m' = = 

Lastly, therefore, the equation BE is 



Let c = AB, of, y 1 the co- 
ordinates of the point c, we 
shall have for the equation of 



of abscissa} the line AB, and for 
the axis of ordinates a line per- 
pendicular to AX, at A. 





we find for x = y = i — 
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Combining the equations (1) and (3) for x = x', we get 



therefore, the co-ordinates of the point of intersection of CD, 
AF, are the same as those of the point of intersection of CD, 
BE ; wherefore we conclude that these three lines cut one 
another in the same point. 

Section III. — Circle. 
Equation to tlie Circle. 
(21.) Let there be a circle having the radius r, the centre of 
which is O. Let us refer to the 
axes AX, AY, then if «, j9, he the 
co-ordinates of tho centre x, y, the 
co ordinates of a point M, in the 
circumference, we shall have, evi- 
dently, 

(*-.)' + (j,-<J)<=r*.(l). 

This relation (1) characterizes 
equally every point in the circum- 
ference, since M may be assumed 
anywhere. 

Let N be a point taken without 
or within the circumference, x and y being the co-ordinates 
of that point, we have 

(*-#)■ + os« (a). 

But it is clear that ON > or < OM, accordingly as the 
point is on the exterior or interior of the circumference, 
whence there necessarily results 

(a _ K y + (y- ft > or < r*, 

as the point is without or within the circumference. 

Thus it is evident that the relation (1) does not hold, 
unless the point is on the circumference. 

The constants s, £, r, are the co-ordinates of the centre of 
the circle, and the radius, whence the circle is completely 
determined when these constants are given. 
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The general equation admits of modification according as 
we take the origin. 

If A, a point in the circumference, be taken as the origin, 
we have a. 1 + 0 : = r'\ 
From the form (1) 

**_9»jb + «* +/ — %$y + 0* = r\ 
.•. since (a a -f- 0 1 ) = r a , 
we have x- — 2«# + y 1 — 2j3y = 0 (3). 

If 0, the centre, be the origin, the equation is (since 
a and 0 = 0) 

+f=r* (4). 

If the origin be at A", the extremity of the diameter 
which coincides with the axis of we have 

a p + j f =i <irx (5). 

If in (3) we make y = 0, there results x — %ax = 0, 
.-. x(x - 2n) =0, .-. ij = 0 is satisfied by either x = 0 
or x = 2a, which shows that x = 0 ; y = 0 is placed on the 
circumference, as tlie value 0 of ;/ corresponds to ,n = 2« 
as well as to x = 0; it follows that the circumference cuts 
the axis of a at a second point, C, where A'C is double of 
A'D, therefore the chord A'C is cut into two equal parts by 
the perpendicular from the centre of the circle, a well-known 
geometrical property of the circle. 

Taking (5), y> = 2rx - x* = x (fir - x). 

Now, y = MR, x = A"R, 2r — x = GR, 
.-. MR' = A"R x GR, 
.-. A"R : MR :: MR : GR; 

that is, the perpendicular let fall from a point in the circum- 
ference on a diameter, is a mean proportional between the 
two segments. The equation may be put y- + x- = %rx, 
but if we draw the chord A"M, 

MR ! + A"B ! = A"M J , 2)- = A"G, x = A"R, 
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therefore, A"M S = A"G . A"R, 

that is, A"G : A"M :: A"M : A"R, 

which proves that the chord drawn from one of the ex- 
tremities of a diameter is a mean proportional between the 
diameter and a segment formed by the perpendicular let fall 
from the extremity of the chord on that diameter. 

This is another well-known geometrical theorem. 

The equation to the circle is much more complicated when 
the axes are oblique. 




We have for the equation to the circle referred to oblique 
axes (in the same way as at article 5), 

1 (x - «) 3 + (y - $)> + 2 (x - a) (3/ — &~) cos <p = A 

where <p is the inclination of the axes. 

(22.) To determine the conditions which are to be fulfilled 
in order that two circumferences of circles may cut one an- 
other, or touch at a single point. 

Let oo' be the centres of the two circles, r/ their respective 
radii, and let oo' = d, the distance between their centres. 

Take the line through the centres for the axis of x, and for 
the axis of y the perpendicular OY, on the point O. 

The circlo, of which the radiua is r, will have for its 
equation 

f + ^ = f" (1), 

the other circle, the co-ordinates of its centre being o and d, 
has for its equation 

^ + (z-i)- = /» (3). 
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These things being premised, to express where the two 
circumferences cut, and to 'obtain the points of intersection, 
we must eliminate at and y by combining (1) and (2). 

This gives 

tWM- d* 

w= — w— (3) ' 

V = ± ^ v /4rfV-(r*-*'» + <*7 (4). 

We now can proceed to the discussion of the point proposed 
for consideration. 

If the quantity (4) under the radical sign is positive, in 
that case the values of x and y are real, and the circum- 
ferences have two common points. 

Proving that the two points of intersection are on the 
same abscissa, OP, having the two ordinates equal, but of 
opposite signs. 

Therefore, at every cutting of the two circles the line 
joining their centres is perpendicular to the common chord, 
and bisects it. 

However, since y may be real or imaginary [x being always 
real), we will transform the above expression. 

The quantity (4) under the radical is evidently 

= {ftd r + r 1 + d 2 - / s ) (2 dr - r> - d* + r*) 

= {(r + <OW*} {^-{r-df} = 

(r + ✓ + d) (r - ✓ + d) (r + ¥ - d) (/ - r + rf), 

.-.y^±~ v /(r+/- ( *)(r-/ + tf)(r+/ + tf)(/-r + d); 

under that form, as the third factor r + r* -f- d, under the radi- 
cal sign, is necessarily positive, y will be real, according as 
the three other factors are positive, or one of the two posi- 
tive, and the other two negative. 

But this last circumstance cannot exist, since, if one of the 
three factors is negative, the other two are necessarily posi- 
tive. For example, suppose r + d — / is < o, 
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.'. r + d < /, .-. r < / and d < /, 
.■. r' — r + d and / — d + r are positive, 

and, A fortiori, the three factors cannot all be negative at 
once. 

Therefore, the only case is where the three factors are 
positive at once, and iti that case y is real; that is to say, the 
two circles cut one another when the sum of each two of the 
quantities r, /, d is > the third. 

Now, if one of the three factors is (— ), and the other two 
(-r), in that case y is imaginary, and the point is not a point 
of intersection. Therefore, the two circumferences have not 
a common point. 

But suppose that any one of the factors is = 0, it gives, 
therefore, y = ± 0, and the two circumferences have only 
one common point, which is necessarily on the line joining 
the centres, where the ordinate is zero ; therefore, two circles 
touch when the distance of the centres is equal to the sum 
or difference of the radii. 

Perhaps no example than this more strikingly shews the 
advantages resulting from the application of Algebra to 
Geometry. 

(23.) To find the equation to the tangent to a circle. 

Let us at first consider a line to pass through two points 
whose co-ordinates are {x',y"), (&'>/")> tne equation to this 
line is, by art. 18, 

y-^=j£5i£<*-«0 (')• 

and if we combine this with the two equations 

^ +y" = r* (2), 

*>* + y''* = ^ (3), 

these two latter equations hold because each point (a/, y 1 ), 
(of', y"), are in the circumference of the circle. 
Subtract (3) from (2), and we have 

y" — y ,n + a/ a -a/' s = 0 (4); 

but since the difference of the squares of any two quantities 
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is equal to the product of the sum and difference of the same 
quantities, we have 

w + yo cy - + ry + «") c*' - *") = o ; 

/-y" _ af + af' 
■■x'-x"- y+y"' 

If this value be substituted in (1) it becomes 

® 

When the two points merge into one, the secant becomes a 
tangent, and we have x' = x", and 1/ = y" , which gives 

of' 

y = (a _ a"), and ai" a + y" 2 = r* . 

By means of these two equations we obtain the equation to 
the tangent in a more simple form. Cleaving the former of 
fractions, we get 

yy" + xx" = x" a + y"\ or yf + xx" = r\ 
since by the latter, x" 2 + y" a = r 2 . 

This latter form is easily re- x 
membered, from its analogy to 
the equation of the circle. If 
in this latter form of the tan- 
gent we make y = 0, then x x" 
r 1 

= r, or x = — , which is the ab- 
scissa OR of the point where the 
tangent meets the axis of x' ; 
also we have PR = OB — OP ; 




This line PR is called the subtangent. 

0 3 




Digitized By Google 




ANALYTICAL GEOMETRY. 



Transformation of Co-ordinates. 

(24.) The most general problem of transformation is as fol- 
lows: — an equation lieing given 
between x and y, referred to 
any whatsoever axes, to find 
the equation when we pass to 
two new axes. 

Let AY, AX, be two axes to 
which the curve MM'M" is re- 
ferred by means of some equa- 
tion F (x, y) = 0 ; A'X', A'Y', -£ 
two new axes. 

Let AP, PM = x, and y t respectively, be the old co- 
ordinates, and x 1 , y, or A'P', P'M', the new ones. 

We seek now to express x 1 , y', in terms of x, y, or 

Let A'X" and P'H be drawn parallel to AX, A'Y", and P'K 
parallel to AY produce A'Y" to r>. 

Let AB — a, A'B = b, X'A'X" = a, Y'A'X" = o.', and 
Y"A'X" = S, 

a and h are known quantities, the co-ordinates of the new 
origin. 

As to the angle S, it is always given (<i priori), since it is 
the angle which the old axes make with each other. 
We shall now proceed to give the principal cases. 

Coe. ]. The most simple of all cases is that in which the 
two new axes arc parallel to the old ones; that is to say, the 
axes continue in the same direction, the origin alone being 
different. Then, 

e:?:i} «• 

AP or m = AB + BP = a + A'K + P'H, 

PM or y = A'B + ML = 6 + P'K + MH ; 

thus, these being reduced, we can determine A'K, P'K, P'H, 
and MH. 
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But, in the triangles A'P'K, MP'H, we have, by Hann's 
Trigonometry, page 56, 

(I.) A'K : A'P' : : sin A'P'K : sin A'KP' ; 

or because A'P'K = P'A'Y" = ff — a, and 

A'KP' = A'LM = r — MLX" = «• — ?, 

A / K:« , ::8in(ff-*); 8 iiiff, .-■ A'K = - — ^ ~ "V 



(2.) P'K : A'P' : : P'A'K : sin A'KP', .-. P'K = - 



sin? 
x" since 
sinC 

(3.) P'H : MP' : : sin P'MH : sin P'HM, 

or because P'MH = Y'A'Y" = (S — «'), and 
P'HM = A'LM = 9r — e, 

v ' ■ smfe 
(4.) MH : MP' : : sinMP'H : sin P'HM, .-. MH= ^. S1 ^ -, 
therefore, putting these values in the expressions for x, y, 



_ x' Sin (g — a) + y sin (g — «') 
sin? 

_ x' sin a + y sin « 



sin? 



(2). 



These are the formulas most general in the transformation 
of co-ordinates of which it is easiest to deduce particular 
corresponding formulas to all the positions of the new origin, 
and to the different directions of the new axes with respect to 
the old ones, in giving to a, 5, these suitable values, positive 
or negative, and to the angles a and »' all values from o° 
up to s-. 

9. To pass from a system of rectangular to a system of 
oblique axes. 
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In tins case, let S = -, .-. sin C = 1, sin (? — a) =. cos «, 
and sin (£ — «.') = cob a'; consequently, we have 

x = a/ cos a + y cos «' + a ") ... 
y = d sinos + y sin »' + 6 J 

3. To pass from one rectangular system to another. 
In that case, Q = ^, a' = - + «, 

sin = 1, sin (f ~ o) = cos «, 

o=^(f-|--) = -^- 

Bin*' = sin^| + « ) = cos«, 

.-. a; = a/ cos « — ^ sin a. + a 1 
y = y cos a + at sin t* + J j ' 
This is a very useful transformation. 

4. To change from an oblique to a rectangular system. 
In the general formula a = — + a, sin a.' = cos a, 



n(f- 



,) = ,»(. 
>in(S 



J-«) =-C08(f-«), 



sin S 
x' sin « + y cos a 



y cos (g — «) 



..(5). 



If the angle « be negative, then its sine will be negative, 
but the cosine will remain positive; we have the following 
modification, which will be found useful ; 



" sin („<_.) 
1/ cos oi — x? sin x 
urn («' _ «) 



(6). 
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Section IV. — Parabola. 

(25.) If there be taken the fixed line VF, and a fixed point 
S, then if SP = VP, the perpendicular distance of P from the 
line VF, the locus of P, is the parabola. 
Through s draw the perpendicular LS, 
and bisect it in A, then it is evident 
that A is a point in the curve. 

To find the equation to the parabola. 
Referring to rectangular co-ordinates, 
let A be the origin, AN = a;, NP=y, 
LA = AS = a ; 




then VP = LN = 



SP, 



a)\ .:f=iax. 
= 4o («+«), 



.-. LN 3 = (# + a)" = S'P" =f + Ca- 
lf S be the origin, then it ie evident that y 

for in tliat case SN = x. 

If L he the origin, then y ! = ia(x — a), since LN is 

then = x. 

Polar Equations. 
If S be the pole, ASP = 6, 
then r = SP = LN = 3o — Srcosfl, .-. r = 

1 -t- cosft 

or = — . (Hann's Trigonometry, page 27.) 



It is evident that since ia may be made to equal any constant 
quantity, the equation to the parabola may be written y-=ipx. 
If x = a, then the corresponding value of y is 2(7, there- 
fore the double ordinate through the point is = 4 a. This 
double ordinate is generally termed the parameter, or latus 



PROPERTIES OF THE PARABOLA. 

Properties deduced from the Tangent. 
8.) The equation to a straight line passing through 



(/,*■), (y",*"), is 



</-!/■ 



r, (*-«') • 
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and by the property of the parabola 

r = W (2), 

and $^=40*" (3); 

therefore, subtracting (3) from (3), 

(/+*") (^-jO = *<■(•'-*"). 

y — y" _ 

/ + y"' 

hence, by substituting (1), becomes 

Now, let the points (a/, y"), (a/', y"), approach indefinitely 
near to one another, then the secant joining these two points 
becomes a tangent, and its equation is 

t-S-yl—*) W- ' 

This equation may be put under a different form for mul- 
tiplying by y 1 and transposing, 

yy' = Qax- lax" + y* 
= Qax — Zaa/ + iax' 

= aa(» + a o • (5). 

an equation closely analogous to the equation of the curve, 
and only differing from it in this, that y" and %x are replaced 




In the annexed figure, suppose P to be a point in the 
curve AN = x, NP = y, PT a tangent to the curve at P, 
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cutting the axis of x at T. Then NT is called the stibtangmt, 
and if PK, perpendicular to PT, be drawn cutting the axis 
of x at K, PK is termed a normal, NK the subnormal. 

Now, from (5), when y = 0, x = — a!, therefore, NT = 2 a/, 
therefore, the subtangentis equal to twice the abscissa, a very- 
useful and important property. 

Since the normal is at right angles to the tangent from (4), 

V — y ' = -gj- (* — «0 is the equation to the normal. 

To find an expression for the length of the subnormal NK, 
put y = 0 in (6), .-. m — o! = 3a = NK, a constant 

length of tangent is ,/nP 2 + NT 2 = 2 -J as! + a!*, (7), 
length of normal is \J NP 1 + NK 2 = 2 v/«V + «*, (8). 
We now proceed to the investigation of some properties of 
the parabola. 

When x' = a, that is, when the tangent passes through 
the extremity of the parameter, the tangent and normal are 
equal, and also the subtangent and subnormal, 

equation of tangent is then y — 2 a = (a; — a), 
.: y = (a? + a). 

Therefore, any ordinate to the focal tangent = rad. vector 
of the point where the ordinate cuts the curve, so that the 
focal tangent cuts off from the tangent through the vertex 
a part equal to the distance of the vertex from the focus. 

Draw the line HP perpendicular upon the directrix. 

Then SP = HP = DN = TS, and HTSP is a parallelogram, 

HP 2 + PT 2 — ST 2 PT 2 PT S 

cos HPT = — = 

2 HP . PT 2 ■ HP • PT 2 SP ■ PT 

_ PT 

— asp' 

The triangle HPS being isosceles, PT bisects the angle 
HPS, and it also bisects HS at right angles in Q ; the point Q 
is always on the axis of ordinates; 

.-. A HPT = Z. SPT, 
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therefore, the tangent at any point bisects the angle made by- 
two straight lines, one drawn to the focus, and the other 
"perpendicular to the directrix. 

ST = AS + AT = a + a. 

SK = SN + NK = x — a 4- 2a = m + a, 

.-. ST = SK, but ST = SP, 

.-. SP = ST = SK, 

From P draw PX' parallel to the axis 

T'PX' = PTS = SPT, 

KPX' = SPK. 

The radius vector and the diameter at the point of contact 
are equally inclined to the tangent. 

These are some of the-principal parabolic properties, others 
will be referred to afterwards. 

(27.) The focus S and any 
point P being joined, and a circle 
described on SP as diameter, 
this circle shall touch the axis 
AY. 

Through P draw a tangent 
cutting axis of (y) in V; through 
Y draw YC perpendicular to AY, 
then from equation to tangent 

ytf = ila(a? + 
and equation to AY, x = 0, 

we find AY = y - 
(since x'y' is a point in parabola), 




%aat _ 

y = 



= CP, 



or C ia the centre of circle, and CY = CP, for the angle 
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CPY = the angle CYP ; bufcCY is perpendicular to AY, there- 
fore the circle touches AY. 

(28.) Any chord Fp is drawn through S, the focus to a 
parabola; shew that 

4SP.Si> = L(SP + Si>), 

L being the (latus rectum), 

SP = AN + AS, 

Sp = An + AS; 

and SP : Sp : : SN : nS 

:: (AN — AS) : (AS — An) 

: : (SP — 2 AS) : (2 AS — Sp), 

SP (2AS - Sp) = Sp (SP — 2 AS), 

.-. 2 SP . Sp = 2 AS (SP + Sp). 

But 4AS = BR'= L, 

.-. 4SP.Sp = L,.(SP + Sp). 

(29.) In a plane triangle ABC, if tan A tan^- = 2, and 

AB be fixed, the locus of C is a 
parabola vertex A and focus B. c 

Take A for the pole, AB the 
initial line, AC = r. Find O, the 
centre of inscribed circle, and join 
OA, OB, OC, and draw perpen- 
diculars OP, OQ, to the sides of 
triangle. a q b 

Now, r = AP + PC = OP jcot ~ + cot -|| 
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and OP = OQ = QBtan — = (AB — AQ) tan — ■ 



( AB — OQ cot-— ) tan - 



.-. OQ ( 1 + cot ~ tan 5.) : 



1 — tan - tan - 



1 + cot- tan - ( 1 — tan- tan - 



But tan A . tan — = 2 
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** 3 

and 1 - tan | tan|- = 1 - (l- tan* £ ) = tan a ^ 
,A 

1 — tan v — 

2 / A A \ 

•■•'= AB — r~( oot 2 +ta,, a> 

= AB(l-t»n.|)(]+c.t^) 



1 + COS A 1 — COS A 

Putting for AB (c), and for A . (fi), we get 

_ _ 4c. cos fl _ 4c. cos S 
1 — cos* fi sin 1 9 

■which is the equation to a parabola vertex A and focus B. 



Section V. — Ellipse. 

(30.) An ellipse is a curve in which, if P he any point, 
SP + PH is a constant quantity, S and H being two fixed 
points. 

Bisect S, H in D, draw a perpendicular through D, and 
make DB = DA = a. With centre S, or H, and radius = a, 
cut the perpendicular in the points C and E. It is evident 
that A, B, e, E, are points in the curve, and that the curve 
is divided into four equal and similar parts by the lines 
CDE, ADB. 

Let DS : DA : : e : 1, therefore, DS = ae. If e = 0, 
DS = 0 = DH, and therefore the points S and H coincide 
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with D and the ellipse be- 
comes a circle. If e = 1, then 
DS = DH = DA = DB, and it 
is evident that the points of 
the line AB are the only ones 
which satisfy the required con- 
dition, since PA + PB > AB, 
whenever the point P is above 
the line AB. It ia evident 
that e > 1 is inconsistent with the conditions of construction. 
This quantity e is generally termed the eccentricity. 
To find the equation of the curve, let D be the origin, 

DN = #*NP =y, AD = a, CD — b, 
SP 3 =y a + SN 3 =jr + (x-aey =f + a* + oV— Zaex, 
HP 1 =if + HN 5 =y' i + (as + aef =f + or + «V + 2aea;, 
HP 2 — SP a = (HP + SP) . (HP — SP) = iaez, 

.: HP — SP = %ex (]), 

HP a + 5P 3 — Q HP . ps = 4eV, 
and HP E + SP 3 = 2(y° + ar 1 + tre 3 ), 
.-. 2 HP. PS = 2y 3 + (2 — 4<s*)ai t +2aV, 
HP 1 + SF S + 2 HP . PS = 4 + (1 — c 5 ) + *V} 
but (HP + SP) 3 = 4 a 3 , 
.-. (1.)^ 

is the equation to the ellipse, the origin being at the centre ; 

DA" — DS* DC 2 6 



(l- e *) = 



DA 2 
-, and SC = 



DA* 
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is the equation, « and b being termed respectively the semi- 
axis major and the semi-axis minor. 

If we had taken CD aa the asis of x, the equation would 
have been 

i> + o< 

If the origin be taken at S, SN = x, or NP = y, and for x 
in equation (1) substitute (x + ac), 

.: y' = (l — «") (a* — »V — x' — Haex) 

= (1 - «') (»• - a? - %aix) (2). 

If H be the origin, 

y> = (l-«») + •» + ««.») (3). 

If A be the origin, 

y< = (1 - «') (2 ax - x") (4). 

Some properties of the ellipse are directly deducible from 
these equations, from (1), 

K*' = ^-(BD'-DN«) 

CD Z CT> a 
= 5 55-( B D + DN).(BD-DN) = g 5i .AN.NB, 

.-. NP 3 . BD 2 = CD 2 . AN . NB (A). 

from (4), y> = j£. (2a -*).*, 

' .-. NP 5 = . BN . AN, 
DB- 

.-. NP^.DB^CD^.AN.BN (B). 
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We may also deduce the polar equations to the ellipse. 
Let D be the pole DN = x,SP = y, DP = e, PDN = 6, 
.-. x = r cos 6, y = r am fl, 

.■. from equation (1) r 2 ^j- + "~^r~) = 

Pa" _ F a a 

""■ ~ a 2 sin 2 8 + b l cos 2 fi — a* — (a 1 - S*) cos 2 S ' 

b 

If S be the pole, SP = r, HP = 2 a — r, PSH = fl, then 
(2a — r) 2 = r s + 4aV — 4a«r cos 8, 
.-. 4a* + r B — 4ar = 4aV -f r 3 — 4aei-cos0, 
,-. a 2 - nr = a 5 a 2 — aercasQ, 
.*, a — r = ae" — er CQ30, 

1 — e cob 0 

(31). Wo shall next proceed to the investigation of the 
equation to a tangent at any point P in the ellipse, since the 
principal properties depend upon the tangent. 

Let us take a point whose co-ordinates are x', y 1 . 

Take a contiguous point whose co-ordinates are x", y". 

We have, therefore, from (J ), 

y" = (l _„•) („'-«») 

/'■=(i-« ! )<y-*"u 

.-. y _,»>=- (i -«■)(«» -«"»), 
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■ 

The equation to a line through the two points is (X and Y 
being the co-ordinates of any point in the line) 

v-/-£E$c*-«o — iy-f>y±?v-i 

Now, this line is a secant, but if we suppose the points to 
be taken indefinitely near one another, ultimately this line 
becomes a tangent. 

Hence, making of = as", y' = y", we obtain 

y-y-=_(l_ e ')y(X-^) 
as the equation to the tangent. 

We must now find the values of the subtangent, normal, 
subnormal, &c. 

Y-y = -(i-^(x-y) 

the equation to the tangent. 

LetY = 0, .-. -V + - (1 - e=) (X - <✓), 

and x-y = -J-3'^ 
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y"+(l-e s )^ _ (l-*W _Q a 

(1 — e')tf (1 — of ' 

BD S 

DT — 

DN 

(The student must observe, that in deducing the equation to 
the curve, we called DN and DP, as and y, respectively, since 
we were not investigating a relation between any two par- 
ticular co-ordinates, but a relation between each pair. Here, 
however, P being supposed to be any particular point, it is 
most proper to denote its co-ordinates by x' and y 7 .) 

.-. DT . DN = BD', or DN : BD : : BD : DT. 

The subtangent NT = DT — x' = — — — , 

, + (g _ AN . NB 

ND ND ' 

.-. NT.ND = AN. NB, 

a 2 — nV NB . DB 

also, BT = — = — — — . 

x' ND 

.-. BT.ND = NB . DB. 

In the equation to the tangent, make X = 0 ; 

,. w --a-^-*.-.Y-£±l£fl£ 

.-. DG.NP = DC'; 
also, CO = — ~ b = — i — = 

(if PV be drawn parallel to AB) 
CV . CD 

, .-. VD . CG = CV . CD 

VD 
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A similar relation to BT . ND = NB . DB ; in fact, the two 
relations together may be thus expressed : — 

If a tangent be drawn at any point, if, also, perpendiculars 
from that point bo let fall upon the principal diameters, the 
distances between tbo extreme points of the diameters, and 
the points where the tangent meets the diameters, are to the 
distances between the extreme points and the feet of the per- 
pendiculars as the diameters are to the distance between the 
feet of the perpendiculars and the centre. 

(82.) Since the normal is perpendicular to the tangent, and 
passes through at, y\ . 

Y — / = V -J ? ~~ is its equation. 
Making Y = 0, -y' . ^4-^ (X - *'), 



(1— <?)af 



••■5^=5^- DK.DB' = DN.D8*. 

Again, the subnormal NK = (1 — e*)af 
h- , DC 2 

.-. NK : DN : : DC 3 : DB J . 
Making X = 0, Y - ^ = ^. . , . ~ a/, 
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A n-t -<■*?>' 

BD 13 . NP 



.-. Vlt : VD':: BD 5 : DC 3 . 

The equations to the tangent and normal may bo put 
under the following form by substituting for 1 — e 1 its value, 

viz., —ti 
a 2 

Y — y = — ~ . ~ (X — a/), equation to the tangent, 

.-. a'Y/ - ay = - 6 2 X^ + 8V, 
or a'Yy + i ! X^ = a'y 3 + fiV\ but aV 2 + Pas" = t?b\ 
atYy' + b*Xaf = a*b*; 
a 1 if 

Y — y' = jj- • (X — jc'), equation to the normal. 

(83.) To prove that the normal bisects tho angle contained 
by the focal distances. 

Since DS = DH = ae, and DK = eV, 

HK = HD + DK = ae + eV = e(a+ eat), 
SK = DS — DK =ae — eV = e(a - eaT)', 

but, page 44, HP + PS = 2 a, and HP — PS = Sea/, 
.-. HP = a + e^, andPS=a — ex'; 
hence, by substituting these values in the above, we have 
HK = e . HP, ondSK = e.PS; 
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..... HK «.HP HP 
lydl^on,— = _ = -, 

HK : SK : : HP : PS. 

hence the angle HPS is bisected by the normal. 

Cor. It follows from this that the angle HPG is equal to 
the angle SPT, that is, the tangent makes equal angles with 
the focal distances. 

Ellipse referred to any System of Conjugates. 

(84.) The characteristic property of every system of con- 
jugate diameters is, that each bisects every chord drawn 
parallel to the other ; it follows, that if we refer a curve to 
any similar system, the new equation ought only to contain 
the square of the co-ordinates, and a constant quantity. 

The equation to the ellipse referred to its centre and prin- 
cipal diameter is 

a? y* + b i x i = a? i*. 

Substituting, in this equation, for x and y, x cos a, -f y 
cos a.', x sin a -|- y sin a' respectively, there results, 

(a a sin s of + b* cos 2 *»') y 1 + 3 {a a sin a sin of + 6 a cos « cos «'} xy 
+ (a? sin 2 a, ■+■ b 2 cos 2 »') a? = a 3 b 3 ; 

this equation belonging to an oblique system having the same 
origin. 

But by hypothesis the equation ought to contain only the 
Bquares of the variables aud known quantities, we must there- 
fore put the coefficient of xy = 0, 

.'. a 3 sin a Bin a' + 6* cos a cos a? = 0 (1). 

Hence the above equation is reduced to 

(a 3 sin V -f 6 ! cos 2 a. r ) y* + (a 3 Bin 3 a + b 3 cos* a) x 3 = a 2 b 3 . . , (2) 

Dividing equation (1) by cos a cos u, we have 

6* 

a 1 tana tan*' + b 3 = 0, .'. tau« tan*' = — — • 

d 2 
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Therefore, as we have only one equation to determine the two 
angles a, a, it follows that tho number of systems of con- 
jugate diameters is infinite. 

Mating successively y == 0, x = 0, in equation (2), and 
there results, 



fory = 0 . 



and for a? = 0 y* 



a' ! sin 3 a. + b 1 cos* a. ' 



Which expressions are the squares of the semi-conjugate dia- 
meters. Calling these conjugates 2 a', 2 V, respectively, we 
have these relations; — 




A* sin 1 a! 6* cos- 
.-. a? sin 3 a' + 5 3 cos' *' = 



a-b 3 
V- ' 



Substituting these values in equation (2), there results 

for the equation to the ellipse, referred to any system of con- 
jugate diameters. 

Consequently, the centre being the origin, the equation to 
the ellipse preserves always the same form for any system of 
conjugates. 

Since for x=±a', f = 0, and for y = ± V, x"- = 0, it 
follows that the two straight lines drawn from the points 
MM' mm', parallel to the two diameters, are tangents to the 
curve. 
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As this equation is of the same form as that between 
rectangular co-ordinates, it is clear that all properties which 
are independent of the inclination of the co-ordinates will be 
equally true for the conjugate diameters as for the principal 
diameters or axes. 

The equation to the tangent is 

where {x", y") are the co-ordinates of the point of contact. 

If in this equation we make Y = 0; x = which is the 

value of OH, the point where the tangent meets the axis of 
x; and if from this distance we subtract of', or OP, we have 
the subtangent PR, 




this is the same result as obtained at art. 31. 

Also as at page 48. The rectangle of the ordinate of the 
ellipse at the point of contact and the ordinate of the tangent 
at the centre, is equal to the square of that semi-diameter 
which is taken for the axis of ordinates. 

Also, that the rectangle of the abscissa of the point of 
contact, and of the point where the tangent meets the axis 
of abscissae, is equal to the square of that semi- diameter 
which is taken for the axis of abscissee. 

On Supplementary Chords. 

(35.) If from the extremities A and B of the major axis 
two right lines be drawn to any point of the curve, these lines 
are called supplementary chords. 

The equation of the right line BP, 
passing through tho point B, whose co- 
ordinates are y = 0, and x = a, is 

y = m {x — a). 

Tho equation of the right lino AP, 
passing through tho point (y = 0, 
a = — a), is 

y = m'(x + a). 
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Now, let of, tf, fee the co-ordinatea of the point P ; and, as 
this point is in both, lines and also in the curve, we have the 
following relations ; — ■ 

y = m (a! — a) (1), 

y=m'<y + <0 (9), 

tftf* + V s a P = a! , ti l (3)- 

if if 
From (1) m = -^—g and from (S) m' = j^-j. 

by multiplication mm' = - , a _ 0 /j 

From (3) we have — 6V 2 + a?b 2 = a*if l 

a/ 1 — d a a 1 
but from (4)m m' = ^ 2 ^ , 




(5). 



The same relation obtains if we draw the supplementary 
chords from the extremities of any diameter whatever, E, E'; 
for let a!', tf', be the co-ordinates of the point E, those of 
the point E' will be of', y" ; and the equation of the_ lines 
drawn from the points E, E', to any point P* whatever in the 
curve will be 

j,-tf' = m 

y + tf wm m' (a + of'}, 
and, as the point P', or (of, tf), is in both these lines, 
we have 

V' = m' (V + sT), 

. , ltm . y-y* . 
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but the points P', E, E', are also in the curve, hence 

" " a™ _ j/" 2 ~* a 2 ' 
but from above fC— 7 55 = mi^, 

mm = :t 

a 2 

which is the same result as before. 

(36.) To find the angle contained by the supplementary 
chords, we have 



where m is the tangent of the angle PBX, and m' the tangent 
of the angle PAX; we havo already shown that 

x' — a a +a 

jt y_ 

m — m' _ ~ a a/ + a Qay' 



and, since the lines meet in the curve, the equation of the 
curve must be satisfied 

^ + or 
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hence, by substitution, we obtain 
2 a/ 



.(7). 



H J 

It is clear from this result, that if we consider any point P 
of the curve above AB, in which case y' is positive, the 
tangent of the angle APB is negative; then this angle is 
necessarily obtuse, as it ought to be, since all the points of 
the ellipse are within the circumference of a circle described 
on AB, as a diameter. 

As the obtuse angle increases its tangent decreases; hence, 
when the tangent is least the angle is greatest, and equation 
(7) will be least when if is greatest; or when y = b, this 
value substituted in (7) gives 

_ Qatf - 2ab 

tan P = r — ; — -~ p. 

"... . b(a s ~ b) a' — b- 

On this supposition, the values of m and m' become 

-*> , b ■ ■ , * ■ 
jji = 1 m = „ suico y = b, gives x = 0. 

From the above, it appeal's that supplementary chords 
drawn from the extremities of the major axis make the 
greatest angle when they meet in tho point C, the extremity 
of the minor axis. 

(37.) We can deduce some other useful properties by 
transforming the oblique axes to rectangular axes, 



sin 0'-«) 
y cos a — as sin a 



sill (a' — «) 

Substituting the values in equation (52) page 74, we have 
(a'-cos^a+i^cos-a^-l- (— 2a' J sinacosa— 2t' i sina'cosi»')a!^ 
+ («' 2 sin a a + b'-&\a?a.)x t = a' 2 1' 2 sin 5 (a' — a), 
which must ho the same as a* if* + = a s b', 
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therefore, the following conditions must have place, 

o^cos** + &''cos 2 *' = a" (a), 

o' 3 sin 3 a + 6'* sin 8 *' = S 8 (6), 

a^sinacos* + i^sina'cosa' = 0 (c), 

a** y s sin* (*' — ■ a) = a 2 6 a (d); 

add (a) and (t), and there results 

a' s + b n = a? + V s (e); 



or the sum of the squares of any system of conjugate 
diameters is equal to the sum of the squares of the principal 
diameters. 

Equation (d), multiplied hy 4, gives 

4a'fsin(*' — <*) = 4aJ, 

and since a.' — a is the inclination of the conjugate axes, 
the left-hand side of the equation expresses the area of a 
parallelogram whose sides are those axes, and included angle 
a' — a {see Hann's " Trigonometry," page 60); the right-hand 
side gives the rectangle of principal axes ; hence, every 
parallelogram circumscribing an ellipse having the sides 
parallel to a system of conjugate axes, i3 equal to the rect- 
angle of the principal axes. 

Now, since the area of the parallelogram is 

4 MD .mi, 

vre have 4MD . mi = iab, 



hut mi equals a perpendicular on the tangent Tt from D, 
■which call p, then 

_at L 3 _ _ a 8 & 8 

P *~ MD' 0F P ~ MD» ~ a' + i>'~ a' 1 
(since M D 1 + m D 2 = a 8 + o 5 ). 

D 3 
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NOW mD 1 = O* + V — DM 3 

= a- + 8*_{ JS « + ^( a »_*»)J 
= «a + ji_^_ i a + ^l aj » 

--(^ 

= fl'-eV 
bs (a + ex) (a — sai) ; 
but by art. 83, a + ex = BP, and a — ex = SP, fig. p. 47. 
.-. mD 2 = SP.HP, 

or the rectangle contained by the focal distances of any point 
of an ellipse, is equal to the square of the corresponding 
semi-conjugate diameter. 
(38.) In the ellipse 

r 8a- r 

where p is the perpendicular from one of the foci on the 
tangent ; the equation to the tangent is 

- Wx b* 

y — — tit® + 

perpendicular from the point (— ae, 0) on this 
— tfof V 
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— & 3 a (a + eg 1 ) 
— fe ( a + eaf) 




In the same manner, if we put j/ for the perpendicular 
from the other focus on the tangent, we have 

HP 



p * HP SP ' 

p.tf = &. 

That is, the rectangle of the perpendiculars from the foci on 
the tangent is equal to the square of the semi-axis minor. 

(39.) If a circle be described on the major axis of an ellipse, 
and if Y be the ordinate to the circle, and y the ordinate to 
the ellipse corresponding to the same abscissa, then 

y i 



oigiiizM by Google 



CO ANALYTICAL OEOMETRY. 

By the equation to the circle 



Divide the second hy the first, and we have 



that is, the ordinate of an ellipse is to the ordinate of a circle 
described upon tho major axis, a3 the minor axis is to the 
major axis. 

It is evident that this gives an easy method of describing 
an ellipse by points. 

(40.) If xy, and x'y' be any two points on. the conjugate 
diameters, then 



and —> = tan a, 



6" 



but tan a ton a' = 

■ t I— I 

' ' x of a 1 

yjL —— _ 

b- ~ a 2 ' 



On the Eccentric Angle in ths Ellipse*. 

(41.) The co-ordinates of any point xy of an ellipse, may 
take the form x = a cos <p , y = b sin <j>. 

* O'Brien'* "Co-ordinate Geometry," page 111, 
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If we assume - = cos $, or, in other words, <p = 
then, substituting in the equation, 



sin l f. 




.-. y* = b' sin 5 <p, or y = b sin <p. 

Hence, we may assume as = a coa <p, and y = b sin <p. 

If we describe a circle, AP'B on AB, as a diameter, 
produce the ordinate MP to meet it in P', and join P'D ; 

P'DM is the angle whose cosine is -, for 



cos P'DM = 



DP' 



DB 



therefore, if we produce the ordinate to meet a circle de- 
scribed on the major axis as a diameter, and draw a line 
from the point where the ordinate meets the circle to the 
centre, then <p is the angle which that line makes with the 
major axis. 

If PQR be drawn parallel to P'D, meeting CD' in the 
point R, and DB in Q, then PR = P'D = a, and PQB = 
P'DB = p; since y = isinp, we have 

b sin <p = PM = PQ sin PQM = PQ sin p, 
.-. PQ = b. 
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If ^ and be the eccentric angles of the extremities 
of two conjugate diameters, then = q> + 90°. 

Let (x, y), and {x 1 , y'), be the co-ordinates of the ex- 
tremities, P and C of the two conjugate diameters DP and 
DC', f and <p' the corresponding eccentric angles, 

then a = a cos <p, y = I sin <p, of = a cos y 1 = b sin <p', 

then, by art. 40, cos $ cos <p' + sin q> sin $ = 0, 

or cob ($' — $) = 0, 

which shews that <p' — <p = 90°, or <p' = <p + 90°. 

This property of conjugate diameters, with reference to the 
eccentric angle, is of great use in problems relating to con- 
jugate diameters. 

Cob. Hence 

of = acos($ + 90°) =— asinp = — y, 

and y 1 = b sin (? + 90°) = b cos p = 

which determine the co-ordinates of P and C. 

(42.) The properties deduced in art. 37 can be found in a 
very simple manner, by using the eccentric angle. 

Let DP — r, CD = PDB = 6, C'DB = ff, 

^ = 0? +y t — a 2 <Ma i ip + 6 ! ein 2 f> (1); 

and putting {> -f 90 for <J>, we hare 

= a" sin 3 <p + i a cos a f , (2) ; 

add (1) and (S), 

r 2 + r ,3 = a e (shT ! $ + cos a $) + i a (sin 8 ?? + cos a p) 

= + b 1 (4). 

The area of a parallelogram, whose sides are CD and PD, 

= r/ sin (ff — 6) — r/(sin^cos^ — cos ^ sin 0) 
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= r coa 0 . / sin & — r Bin 6 . / cos $ 
= a>y — afy 

= a b sin <p' cos p — a J cos <J>' sin <p 

= aifsinp'cosp — cos<p / sinf) 

= aiain($' — (f)=aJ{BiDC6Bin(^ — $>) = Bin90} = l. 

(43.) Given the axes of an ellipse and the inclination of 
any two conjugate diameters, to determine their length and 
direction. 

In the first place, we shall find a' and b'. By page 57, 



by adding and subtracting theae two equations, we have 



2ab 
Binff' 



2a& 
Bin£ 



In the equation, page 51, a 2 tanatan*' + i s = 0, 
put S + a. for and we have 
a 2 tanatan(C + *) + 6 s = 0, 

but tan (<? + *) = - -^-r: ; 

v ' 1 — tan £ tan « 

therefore, by substitution and reduction we have the quadratic 

o'teu'a + (^ — S")tanff . tan* + i* = 0, 
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this value of tan = will be real if (a 5 — S' ! ) 2 tan s 6 be greater or 
at least equal to 4a ! 6 a . 

Htan'S = ^rji T! . ataC-iy-p, 
substituting this value in the tana, we have 

* a • 

which, since tan* tan*' =— -j, gives 



(44.) Given two conjugate diameters in an ellipse and their 
inclination to determine the axes. 

Since a 8 + 6 a = a' 1 + V\ and 2 a I = S o' 6' sin ff ; 
by adding and subtracting these equations, we have 
[a + bY^a't + b^ + Sa'b'smG, 
(a — bf = a? + V 2 — 2 a' V siu C, 

a 4 y/tP+V* +2a'fi'sinS' -f-£ y/a" + V*—&a'V sinff, 

6 = £ v/a^-i- + 2 ffl'&'sin £ — £ v/a'- 1 + — 2a'i'sinS. 

These values are always real, for («' — 6')* > °> tnen 
+ &' z > 2 a' b', and, a fortiori, a" + V* > 2 o' 6* ain ff. 
We can determine the aDgle * from the equation 

tan * . tan (S + *) = — ^, 

as before, in the last article. 
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(45.) TkeNormal inTerm of itt Inclination to theMajor Axis. 
The equation to the normal is 

«*»' , , »v 



Let the equation to the normal be 

y = i»» + ft (2), 

then, comparing (1) and (2), 



a 3 J v/o' 
m = — ■ — 



"J 1 a ^ 

ii*m a _ a? — ar" 



.-. at* = 
.-. cP — = 



= a 1 + ' 



/— — amd 



ANALYTICAL GEOMETRY. 



amb 



= _(*'-*). 



.'. becomes y = maf— (a 1 — A 1 ) . 



\/ a' + 

or (y — mx) 1? + m 2 & + m . (»' - 6 a ) — 0. 

The equation to the tangent in terms of the angle that it 
makes with the major axis, is 

y = mx ± \J J»*a a + 6*. 

(46.) In the ellipse, to find the locus of the middle points 
of a series of parallel chords. 

The equation to the ellipse is 

AV+ BV=A'B a (1). 

Let MM' be any right line whose equation is 

y = mx + h (2). 

Substitute in (1) for y its value from (a), 
(AW + BV - SA'mA.a + A 2 A a — A 2 B a = 0, 

the roots of this equation will give the abscissa) of the two 
points MM', 

a _ QA?mh.x A't'-A'tf _ 
* A*m* + B a + A 2 m 2 + B' = ' 
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let afy', and x"y", be the co-ordinates of the two points, 
and a, <?, those of the middle point N, 



since in a quadratic equation the coefficient of the second 
term taken with a contrary sign is equal to the sum of the 
roots, we have 

a/ + x" — — gA * mA 
— A-wr + B 3 ' 

A e mh 



X'm* + B* 

To find the corresponding value of S, we must remark that 
a and £ is a point in the line whose equation is 

y — mi + It; 

hence, substituting S for y, and a. for a;, we obtain 

S = ma , + h; 

substitute the value of a. in this equation. 

AW | ft _ + B * h 



AW + B s A 2 W a + 

Dividing S by a, we get 

S - B 2 



Now, as this result is independent of A, which fixes the 
position of the chord JIM', it follows that if we put 
a", Q", the co-ordinates of the middle points of the other 
chords parallel to the firBt, we shall in like manner find 

Z-zlE — _ - B ° 
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therefore, in general, representing the co-ordinates of the 
middle points by x and y, we have the relation 




which is evidently a straight line passing through the origin. 

Hence, all the diameters of an ellipse pass through the 
centre; and, conversely, every line which passes through the 
centre is a diameter, if we put m' for the tangent of the angle 
which the line forms with the axis of x, 




The same process applies to the hyperbola, by changing 
— B a into + H\ 

Section VI. — Hyperbola. 

(47.) If S and H be two fixed 
points, and if the difference of 
HP and SP be a constant quan- 
tity = 2a suppose, the locus of 
P is the hyperbola. 

Bisect SH in D, make 

DB = DA = a; 
then, A and B are manifestly points in the curve. 

Let ?5 — e t a quantity greater than unity ; then DH = ae. 

To find the equation to the curve. 
Let D be the origin DN = x, NP =y; 

then HN = ae + x, SN = ae — x, 
HP 1 = y 3 + (ae + x)\ SP ! = y 7 + (ae ~ m)\ 

.: HP' + SP 1 = 2y l + 9*V + H%\ 
HP ! — SP* = (HP — SP) (HP + SP) = iaex, 
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.-. HP + SP = %eas, and HP 3 + SP ! + 2 HP. PS = 4eV, 

.*. 2HP . PS = (4a 3 — 2) x- — %tf — 2«V, 

and HP 3 + SP 3 — S HP . PS = 4 a 3 =4(y* + a 5 ,? 3 } + 4(1 — e")x°; 

therefore the equation to the hyperbola, the point D heing 
the origin, is 

j, 3 = (1 -V) (<r> _ a 3 ). 
This expression, 1 — <j 5 , is generally put =— ~, and then 

|J - J =- 1, or flV - JV =- a*b* ... (1), 

is the hyperbolic equation. 

If we bad taken the point A for the origin, y has the same 
value as in (1), but A N is = DN — DA = DN — a; 

■ £ _ (* + _ I 

" 6* a* ' 

or y* = (X - 2fls - 4) = (a 3 - 1} (2a* + **) ... (2), 

and if we take S the origin, SN = DN — ae, 

.: f = (c> - 1) (2«e* + «*) (8). 

(48.) We now proceed to the deduction of the polar equa- 
tions to the hyperbola. If D be the pole, DP =r, HDP = fl, 
then, in equation ( I), x = — r cos 6, y = r sin 6; and wo have 

r* sin 9 6 = (1 — e ! ) (« 3 — r 2 cos 3 ff), 

.-. f*{sb*0 + (1 — e 3 ) cos 3 0} =o« . (I — e% 

1 — e-cos'tf 



and if H be the pole, Z.PHS = 0, HP = r, 

SP' = (2a — r) 3 = r> + 4aV — 4aer cos 0, 
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4o* -f r 1 — Aar = r a + 4«V — &aercas6, 
.: a 1 — ar = «V — aer cos#, .: r = 

1 — e cosp 

Now, it ia evident that there exists a curve similarly situ- 
ated with regard to H, as AP with regard to S; these two 
curves are called opposite hyperbolfe, thougli, properly speak- 
ing, the hyperbola is the system compounded of the two. 

(49.) We nowproceed to the discussion of afew hyperbolic 
properties ; hut it will be convenient to first investigate the 
equation to the tangent, since the most important properties 
depend upon it. 

Let ar*), (y", ir"), be two points in the curve, 

then, = — e*)(tt a — **), y"* = (l — fl s )(*' — a" 3 )' 

... y»-y"»-ry + yw - y") = (i - «°)K a - •*) 
= ^ - i) ry + <✓') C*' - *"). 

and the equation to a straight line passing through {if, a/), 
(y", #")> is, if Y and X be the co-ordinates of the line, 

Now, supposing the points of), (y", #"), to approach 
continually, the line ultimately becomes a tangent at the 
point {y', a"), and its equation is then 

Y- S '=4.(«>-l).(X-.0- 
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We have now to find the subtangent, subnormal, itc. 
the equation to the tangent at the point (y\ of). 

y if y 

this ia the point where the tangent meets the conjugate axes 
below D, 

DT' : DC : : DC : PN. 

Also, if Y = 0, 

y _ (i-^'+^ ._ a-^> a _^_ TII 

~ " (1 - e*)*' ~ (1 - «V ~ ^ 
,-. TD : DA : : DA : DW, 
- a* 

= subtangent, 

another property of the hyperbola. 

(50.) The equation to the normal PK now remains to be 
found. 

Y — y' = — — — (X — a/), is the equation to the tan- 
gent; since the normal is perpendicular to the tangent and 
passes also through y', X", its equation consequently is 



~ (1 - v 
If in this equation we make X = 0, 
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so tliat if the normal were produced to cut DF, or that line 
NPe a DG . 

•° r Np" ,a 



produced at a point G, DG would be = 
constant quantity, equal to 



6 s - X D5* — DA* (DS + DA) . (DS ~ DA) ES . AS 
also, if in the normal's equation we moke Y = 0, we have 



3 (i-^jy 

,.y-x-= p-?*y 



(X - a0, 

(1 —«*)«'. 



.-. X = eV = NK + ND = XD, 
. NK = (e s — 1) af = ^ . DN the subnormal. 



The, properties of the hyperbola just investigated, r 
here brought together for classification jnid reference. 



DT : DC : : DC : PN . 
TD : DA : : DA : DN . 



• a). 

.(3). 
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DN 2 — AD a ,_. 

™ = — 55— <»>■ 
sl = 5rSs' ■'■ D0 :(NP - DS ) :;DS; ( M - AS >- W- 

nk =S- dn » 

or, -which is the same, 

AD 2 + CD 2 
DG = J", . PN. 
CD 2 

O/i Directrices and Parameters. 

The hyperbola and ellipse have each two directrices, but 
the parabola has only one. 

In the parabola the distance of the directrix from the vertex 
is = a. 

In the ellipse and hyperbola the distance of the directrix 

from the centre — — ■ 

The parameter, or latus rectum, is the double ordinate 
drawn through the focus in each of the three curves. In the 
parabola it is = 4 a, a being the distance between the vertex 
2 b 3 

and focus. In the ellipse and hyperbola it is = — , when 
a and b are the major and minor axes. 

(51.) On the Asymptote to the Hyperbola. 

-«■)(•'-•'>. 

.•.»-v/7=i-{— 5^}*- (i). 

is the equation to the curve. 

From the form of this equation, it seems that there are 
relations between the curve and the line 

y = {*/ e~ — l) at, which are worth attending to. 

It is evident that this line passes through the origin, 
making an angle = tan -1 yV — 1 with the principal 
diameter; 

and since y"- = (e s — 1) x % in the line, 

and = («' — I) a? — (f — 1) a 3 in the curve, 
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it ia evident that the lineal ordinate is greater than the 
hyperbolic corresponding to the same abscissa. 

But on considering the equation to the curve when 
expanded into the aeries (1) above, it ia evident that as 
x increases the hyperbolic and lineal ordinate approximate 
nearer and nearer. 

So that we may Bay, that when so = a the line touches the 
hyperbola, and ia therefore an asymptote. 

Since in the equation y — v«* — 1 . x, the radical may 
he taken with either sign, and x may be either positive or 
negative ; there are evidently four asymptotes, all cutting at 
D, a pair belonging to each hyperbolic branch. 

It will he an instructive exercise for the student to endea- 
vour to deduce the asymptotes from the tangential equation 

considering the asymptote to be a tangent at an infinite 
distance. 

(52.) To prove that the normal bisects the exterior angle 
between the focal distances at any point in the hyperbola. 
By art. 47, HP + SP = H ex, 
and HP — SP = 2a; 
by adding and subtracting we have 

HP = e x + o, and SP = e x — o, 
SK = DK— DS = e l x' — ae = e (ex 1 — a) = e . SP, 
HK = DK + DH =6 % cb + ae =e(ex' + a) =e . HP, 
SK _ SP 
"*" HK HP ' 
PK bisects the angle SPP 7 . 

From this it is clear that the focal distances make equal 
angles with the tangent, that is, the angle SPT is equal to 
the angle HPT; for KPT = KPT', being right angles, and 
SPK = KPP', from above; the latter, being taken from the 
former, leaves the remaining angles SPT and p'pt" equal, hut 
p'PT" ia equal to its vertical opposite angle HPT, 
.-. HPT = SPT. 
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(53.) By proceeding in the same manner as for the ellipse, 

page 58, we Lave p 2 = b 2 - , and therefore we have in 

2 a + r 

the same manner 

P? = », 

or the rectangle of the perpendiculars from the foci on the 
tangent is equal to the square of the semi-axis minor in the 
hyperbola as well as in the ellipse. 

(54.) When the hyperbola is related to its conjugate dia- 
meters, the process is exactly the same as for the ellipse. 

The equation referred to its axis is a 2 y 2 — b 2 x 2 = — a?b 2 , 
and substituting for x and y, as in the ellipse, we get 

a 2 sina sina' _ 6 3 pos o'cosa' = 0 (1), 

and (a 2 sin 5 a — b 2 cos 3 tr") y* 

+ (oWa- J i cos a a)« 3 = — cPV (2), 

from (1) we have, dividing by cos a cos 

b 2 

<r ! tanatano' — J 2 = 0,or tanatano' = — (3), 

a 3 v ' 

b 2 

tan B ' = — — (4). 

a 1 tana ' 

In equation (2) make y = 0 and x = 0 successively, and 
we have 

a" sin' a — b l cos a 



a" Bin 2 a' — &' i 



We must observe that, of these two squares, one is positive, 
and the other is negative, for any value of x corresponding 
to y = 0 is real ; but that of y corresponding to x = 0 is 
' lary; but that they have different signs may be shewn 
<a: — multiplying these two equations together, we have 



' |AW.. lWi)(<ftinV — 6'cosV) 
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multiplying out the denominator 

a 4 sin 2 asinV + &'cos 2 ai cos 2 *' 
— a 2 £ a (sin a «'cos 2 a -f suxVcosV) ; 
bat by equation (1), a'sino-sina' — 5'cos»cosa' = 0, 
.■. a 4 sin 2 asin s «.'+ 6'cos 2 acos 9 a' = 2a"6' ! Hiri(esin<i'cosacosoi'; 
therefore, the denominator becomes 

a a #[(2sin«sina'cos«cosa' — Bin'a'cos'a — sin'* cos 1 *') 
= — a a & a (sina/cos* — sin«coB*') s =— a a & a sin 2 (<*' — a); 

•'■ = -o'irW (.'-«) sin»(«'-«) tB *" 

This result, being essentially negative, proves that x" and 
y 1 have different signs. 

Taking the axis of a for the transverse diameter in this 
case, the expression for m'- is positive, but that of y 3 is nega- 
tive; putting a' 2 for the first, and — b' 1 for the second, we 
■have 



£» 2 Bin H o. — & a COS 2 a 

-« a 5 a 



i 5 sin* a' — b 1 cos" a' 

.*. n s sin 5 a — 6 a cos' a = — 

ffl* 

a 1 sin s a' — i* cos 5 a' = ^j- ; 
from those values of a" and — J'*, equation (9) becomes 

the equation to the hyperbola related to oblique axes ori- 
ginating at the centre, and making angles a aud a' with the 
primitive axis of te. 
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If we put in this equation 

a = 0, y = s/ — b" = ± b \J — 1, and y = 0, *=±o', 

since the value of y, when m = 0, is impossible, the curve 
does not meet the axis of y, but as ±a' is the value of to 
when y = 0, the curve meets the axis of x at the extre- 
mities of the diameter 2 a'. 

Now, if in equation (5) we put a ri for a; 2 and — P for y 2 , 
we obtain the relation 



" sin 2 (o' — a) 

ab sin (a — a) = ab, which is the same as in the ellipse. 

(55.) In the general properties of the ellipse, if we put — b 2 
for fi 2 , we have the corresponding general properties of the 
hyperbola. 

(56.) In the values of a'", h n , obtained in art. 54, replacing 
the expressions for sin 2 B, cos 2 a, sin 2 a', cos 5 »', by their values 
in terms of tancc and tana', yiz. : — 



cos 2 a' — - 



" 1 + tan 2 a 1 + tan 2 a 

. . , tanV 



we obtain a , = ~^d + ^a) 
a 3 tan 3 a — b* 

-a'b'Q. + tanV) 

or y- '^C +""'■') 
a? tan* of — 6* 



1 +tanV 
(1). 



,(S). 
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From (2), tan" «' = g ( gn^T ) ' 
multiplying these together, we hare 

a* \(«" + 6 s ) (ft' 3 — ft 3 ) J 
bat tana tann' = ~ (page 75), 
ft* 

or tau'atanV = ^j. 
ft> f( g «-o»)(g' + y) -> _ J* 

K + ^Xy-ft')" * 

... - a 1 ) (a* + 6") = (a" + ft 1 ) (ft" - ft*), 

a'W _ a* + a"*" - «'ft" = <PV* + 6 2 fi" - t^ft* ~ ft* ; 

transposing and reducing, 

a n (a 3 + ft 3 ) - b* (a" + ft 1 ) = a 1 - ft 1 , 

or - ft' 2 ) (a 2 + ft 2 ) = a' ~ ft 1 = (a' + ft 1 ) (a 3 - ft 3 ), 

.-. a* _ ft'2 = or - ft 2 . 

This might have been deduced, aa well aa the latter part 
of art. 54, more elegantly, by transforming the oblique ordi- 
natea to rectangular, as wo have already done in the ellipse, 
substituting for x and y the values 

jTsin' — y cosa ycosn — gain a. 
Bin (a' — a) ' Bill (a' — a) 

in the equation a ,t2 ij — b' 2 as =— a^b' 2 , we obtain, as in the 
ellipse, 
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a' s cOH B « — f i cos 5 a' =a a (1), 

««Bm , «-J'Bin , rfs 5 -a» (a), 

- a' 2 6^ sin 2 (a' - a) =- o»i» (3), 

by adding (1) and (2), we obtain 

a" - ft* = o* - 5 2 (4). 

From equation (3), 4a'&'sin(a' — a) = 4ao (5). 

Equation (4) shews that the difference of the squares of 
any two conjugate diameters is equal to the difference of 
the square of the principal axes. 

Equation (5) shews that the rectangle described on any 
system of conjugate diameters, is equal to tho rectangle on 
the axes. 

(57.) We have already shewn, that all we Lave hitherto done 
for the ellipse will, with slight modifications, apply to the hy- 
perbola; but the converse of this is not true, for there are 
many properties of the hyperbola which cannot belong to 
the ellipse; these are the properties relative to the asymp- 
totes. To complete the whole, we shall proceed to find the 
equation to the hyperbola referred to its asymptotes. 

The equation of the hyperbola referred to its axes is 

a *f — i_ «*P (1). 

We must now pass from a system of rectangular to a system of 
oblique axes; to do this, we must substitute in the above equa- 
tion, for a &uiy, the following values (see ait, 24, eq. 8.) : — 

X = X COS a + y COS" a', 

y = x sin « + y sin a', 

and we have 

(a a Bin s « — & 2 cos*b) y 1 
+ (2a ! sinasina' — %b° cos a cosa')xy 
+ (o J sin 2 a — S^gos 2 !*);^ 
Here we take for the new axis of x, the asymptote DK; 
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and for the axis of y, the asymptote DL; the aDgles a. and of 
are determined by the equations 




multiply the latter by a 2 , and the former by J 3 , then, by 
subtraction, we have 

a s sin 2 *' — 6* cos a ■■ 



tf + b* ~ y * 
In the same way, 

«- sin 2 os — 6* cos a a = — • = 0. 

<r + b~ 

Also, 

2o- since sin a.' — Si" cos a cos *' = = r ,. 

or + b' 

Hence we see the terras involving x"- and p 1 vanish, and if 
wo substitute in equation (2) the value of the coefficient 
of xy, just found, we have 

(3). 

The equation which contains the rectangle of the variables, 
and the known quantity — - — , is called the equation to 
the hyperbola, referred to its asymptotes as co-ordinate axes. 

(58.) If the hyperbola be equilateral, then 
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(59.) If we wished conversely to determine from equation"(2) 
the angles a. and so that the terms involving a? and y* 
should disappear, we have then the following conditions : — 

a 2 sin* a,' — S" cos s of = 0, a* sin* a — 6* cos 2 a = 0, 
b 

From the first of these we have tan* =± — > 



from the second tan* =+ — ■ 

a 

This shews, that if wo take a' for the angle whose tangent 
is -J — , we must take a. for the angle whose tangent is — — • 
Therefore, the new axes, with respect to which the equation 
is brought to the form xy = ft 3 , are the asymptotes of the 
cnrve, where ft* is put for ^-^ 

A 1 ft 1 

It is clear from this equation, or y = — , or x = — , that 

as we increase x the more is y diminished; and if we suppose 
x to he greater than any assignable quantity, y will become 
less than any assignable quantity, and conversely; so that the 
new axes have the characteristic property of the asymptotes. 

Let f? be the angle LDK, which the asymptotes make with 
each other; then, multiplying both sides of the equation 
xy = ft* by sin £, we obtain 

xy sinff = ft' sin S. 

Now, if p be any point in the curve, MP and MD the 
co-ordinates of this point, parallel to the asymptotes, then the 
parallelogram DMPQ has for its area 

DM .PH = aysinff; 

this is equal to ft- sin?, which is a constant quantity, and is 
independent of the position of the point p. 

Therefore, all parallelograms described upon the co-ordi- 
nates parallel to the asymptotes are equal. It can be easily 
shown that this constant area is equal to half the rectangle 
PBEC contained by the semi-axes, for (? = 2 a', 

E 3 
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.-. sin ? = sin 2V = 2 sin a' cos «' ; 



by art. 57, cos a' = 



.-. sin £ = 2 sin a' cos *' = 



.-. ary sin s = — - — . sin s becomes 





To the extremities of the minor axis draw the lines BC, 
BD, AC, AD; the figure thus formed, having its sides parallel 
to the asymptotes, is four times the area of the figure DIBI', 
constructed on the co-ordinates of the point A. 

Therefore, if from any number of points in the hyperhbla, 
lines bo drawn parallel to the asymptotes, and terminating 
therein, the parallelograms so formed will all he equal to 
each other, and to half the rectangle of the principal semi- 
axes. 

(60.) To find tlie equation of the tangent to any point of 
the hyperbola referred to its asymptotes. 

Let y, y", be the co-ordinates of the point p ; *\ tf, the 
co-ordinates of another point in the curve; the equation to 
the hyperbola being 



(!)■ 



The secant will be represented by 
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To find the coefficient ^r~p Eubtract ( 4 ) fronl ( 3 )' mi 
we have a?V — = 0; and adding and subtracting 
y^", which are identical, we obtain 



the secant therefore becomes 



a/' 



j-j" =-£(«-«")■ 

Now, in order that this secant may become a tangent, we 
must suppose of = a/', and y' = y", 

■■■a -»"=-£(«-*") 

is the equation to the tangent, 

or y''# + ar-'y = 3*y = g(« , + 6 s ). 
(61.) To find the area of a parabola. 





-< 







PS" 



*'-'"'*' W\ by the equation to the parabola, 

N ! = 4«'.MP (2)) J 

.'. jm 3 — PN a = <U'(mj> — MP), 
(p» + PN) . (on — PN) = 4«' . Nn, 
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PN a 

pn + PN . Mm = — . Nra, from (2), 

.-. MP . Mm = — ~ pN . N«, (ultimately,) 
= 5 PN . Nn, 



or the rectangle P m = - P n ; 

and so on for any other rectangle; therefore the space Anp is 
double the space Apm, 

or Anpm = 3 Apm ; .-. Apm = ^ Anpm, 

a 

or Anp = - Anpm. 
Hence, the parabola is | of its circumscribing rectangle. 



To find the Area of an Ellipse. 

(62.) The area of an ellipse may be found from the constant 

ratio — , of the ordinate of an ellipse to that of the circle 

described upon the major axis. 

Conceive any polygon whatever to be inscribed in a circle, 
of which one of the sides is MM' ; from M aud M' let fall 
the perpendiculars MP and M'P', these perpendiculars cut 
the ellipse in N aud N'; join NN', and we thus obtain a 
polygon inscribed in the ellipse, of which NN' is one of 
its sides. 

Let Y and Y' be the co-ordinates of the points M and M', 
and y and y" the co-ordinates of the points N and N', cor- 
responding to the same abscissae x, x'\ the trapeziums 
MM'PP', NN'PP', give 

MM'PP' = (s - O, NN'PP' = (x - x 1 ), 
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NN'PP' y + / 
' " MM'PP' - Y + Y'" 

Now, since, by art. 89, 

»-£•»■ »' = 7*' 

, y +^ & 
" Y + V o ' 

NN'PP' _ A 
'"' MM'PP' ~a 

In the same manner, each of the trapeziums which com- 
pose the polygon inscribed in the ellipse, is to the cor- 
responding trapezium of the polygon inscribed in the circle 
as 6 is to a; hence, we conclude that the sum of all the first 
trapeziums, or the polygon inscribed in the ellipse, is to the 
second polygon in the same ratio, or 




p and P being the polygons respectively. As this relation 
is true, whatever be the number of the aides of the two 
polygons, it is true in their limits, which are the areas of the 
ellipse and circle; hence, if s and S be the respective areas, 
we have 

S a' a ' ' 

but n- represents the ratio of the circumference of a circle to 
ita diameter, or the area of a circle whose radius is I, ?ra s is 
the area of a circle whose radius is a, and, consequently, 

- *. a— A »_ wab 

which equals the area of the ellipse. 

For the hyperbola the same relation s = — . S, obtains, 
i being the area comprised between the curve and any chord 
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parallel to the second axis, S the corresponding area of an 
equilateral hyperbola, described upon the first axis. But 
this does not enable us to find the area of the hyperbola, 
since we must at first know that of an equilateral hyperbola. 

On the Eight Line, Circle, and various propertiet of the 
Conic Sections. 

(03.) In the note, page 16, it is shewn that the length of 
the perpendicular from a point aSi/ on Ax + By + C = 0, is 

Ax" + + C 
s/ A? + B 2 

by this we can shew that the length of the perpendicular from 
a^y on the line a;cos« +ysina —p = 0, is 

X 1 COS a + sin a. — p \ 

A , B C 

for . _ 3? + — — ■ y H . 

V -* J + B« \/a s + B* n/A 2 + B 2 

is of the same form, since we may take 

A , B 

— — ; = cos a, and •, ; - = sins, 

v/a' + b 8 v^ + b 2 

as they satisfy the condition cos 2 a + sin 2 a. = 1 . 

This is useful in solving a large class of problems. 

Given the base and area of a triangle, to find the locus of 
the vertex*. 

Let the equation of the given hase be 

xcosa. + ysina — p = 0, 

and aicos* + ysifa* —p is the length of the perpendicular 
from any point x, y, on the base; if the given base = o, and 
given area = wi 1 , the equation of the locus is 

ascos a, + y sin a — p = -—, 

since the perpendicular of any triangle equals twice the area 
oivided by the base. 

• Sea Salmon's "Conic Sections," page il. 
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(04.) The equation of a line bisecting the angle contained 
by the lines 

A cos* -f ymua — p = 0, and xco&p + ysin(3 — p' = 0, 

is a cos a + ^sina — p = a; cos/3 + ysing —p', 

which represents a right line passing through the intersection 
of these two lines, for it is evidently the equation to a right 
line ; and since the co-ordinates of the points of intersection 
must sntisfy the two former equations, they must also satisfy 
the latter equation. 

(65.) The general equation to the circle referred to rect- 
angular axes being 

or rf+^_8«»_2|9y + «» + |8 , -f a = 0. ..... (1); 

every equation of the second degree of the form 

a* + y* + Ax + By + C = 0 (3), 

having the coefficients of x and y either unity or equal, and 
not containing the rectangle xy of the variables, is the 
equation to a circle. 

Comparing (1) and (2), 

— S«==A, — 3jB=Bj and^ + g 2 — r= = C, 




replacing a. ft r, by the above values, 

Or by completing the squares in equation (12) we obtain 
the same result, thus 

X' + A x + y* + Vy — — C ; 
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completing the square in each, 

^ + A. + (i.)' + ^ + B. + (|)'_^ + J-C, 

or + (- + |y + (, + |)- = ^-0 (3, 

Examples. 

+ 8^ — 8iD -f- — 1 = 0, 



putting the equation in the following form, 
. 3x , „ 1 

complete the squares, 

9 , 16 8 33 / 3s= 00 
which is the equation to a circle whose radius is ^j—t 



Since A, B, C, may be any quantities whatever, we may 
A 2 + B ! 

sometimes have C = 0, or indeed negative. 

If it be equal 0 then the circle is reduced to a point, and 
if it be negative the radius is imaginary; thus, the equation 



4^ + if — 12a; - By + 13 = 
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represents a point whose co-ordinates are - and 1, for it can 
be transformed into 



(*-|) a + (s'-i) s = o. 



The equation a? + y* + \a> — 2y + 7 = 0, 

a 2 + 4x + f - %y =— 7, 

completing the sqnare ; 

a> s + 4.x + 4 + f - %y + I = 4 + 1 _ 7 =- 2 

0 + 2)* + (y-l)'=_ S, 

an equation of which the first member, being tho sum of two 
positive squares, cannot be equal to a negative quantity, 

(66.) In the parabola, if PSP' be a chord through the focus, 
and PSN = 0, then, page 37, 



nd SP' = 

1 + c 

0 1 + cos 6 



where I = 9a = half the latus rectum. 

(6V.) In the parabola, the parameter of any diameter = 4 
times (distance of the vertex of the diameter from the focus). 

The parameter is the double ordinate passing through the 
focus. 

1 + cosASQ' tq 1 + cos(s- + qax) 



1 + cos (t + ASQ) 
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(68.) Find the area included between the parabola y'=iax 
and the straight line x = y + a. 

Since x = a gives y = 0, we see that the given line 
passes through the focus of the parabola; p 
and because the coefficient of a is 1 , the 
line makes an angle of 45° with the axis 
of x. 

Hence, in the figure, 

APP' is the area required, 
and Z. PSN = 45°, 
.-. SN = PN, and SN' = P'N'. 

Now, APP' = ASP + ASP' 

= APN — SFN + AN'P' + SP'N' 




Find x from equations = 4 ax 

and x = y -f o, 
we get y 1 = (x — a)" = 4 ax, /. x 5 — 6 a* + o ! = 0 ; 
.-. ar = 3«±2 \/2.<i = (3±2-8284)a, 
.-. AN = (5-8284), AN' = (0-1716) a, 
and y = x - a, .-. PN = 4-8284, P'N' = (0-8284) a, 
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.-. AP= |.a?{(B-8384) (4-8284) + (0-1716) (0-8984)} 
= ia i {(4-8284) 2 - ((V8284) 1 } 

= a'(18-80134 — 11-81300) = 7-48764 x a'. Answer. 

(09.) Draw a normal at the extremity of the latus rectum 
of a parabola whose equation is J/ a = 4 as (a: — a), and find ita 
distance from the origin of co-ordinates. 

If as = a, we find from the 
given equation that y = 0; there- 
fore, the curve cuta the axis of m 
at a distance a from the origin. 
If x<a, then y is impossible; 
therefore, no portion of the curve 
lies to the left of (a, 0), that is, A. 
Hence, A is the vertex of the para- 
bola. Transfer the origin to this 
point, and we find = 4 an/, 

Since / = p and a/ = x — a, 

therefore X, that is, the old origin, is the foot of the directrix. 
To draw a normal, then, at the extremity of the latus rectum, 
take SG = SP=2a, and join PG; this is the normal required, 
for Z. SPG = Z. SGP = £_ GPflf. 

Join XP, then this is the distance of the normal from the 
origin, and 

XP = *J SP 5 + XS 2 = y/B AS 2 = 2 \/%. a. 

(70.) Find the locus of the intersection of two tangents 
to a hyperbola which meet one another at right angles. 

The equation to the tangent to a hyperbola, in terms of 
the angle which it makes with the axis of x, is 

y — mx + y/ m'd 1 — I) 1 ; 
consequently, for another which intersects this at right angles, 
we get 
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Now, tliia equation becomes 

my + x = +■ \/ a? — m 2 b 2 , 

.-. my + %mxy + a? = a? — m'b' (1) ; 

and from the first equation 



y — ma = + \/ m 2 a 2 — b 2 , 

•■• J 8 — %mxy + i»V = m 2 a 2 — b' (2) ; 

adding (1) and (2), we get 

(y" + «0 (m 1 + 1) = («' - J 1 ) (m' + 1), 
.-. w> + y > = a* — l*. 

Hence, the locus is a circle whose ce ntre is the centre of 
the hyperbola, and radius = \/ a' — b'. 

(7 1 .) Shew that the parameter belonging to any diameter of 
a parabola varies inversely as the square of the sine of the 
angle at which the corresponding ordinates are inclined 
to it. 

Let Pa'' be any diameter, 
SP its parameter, PT a tan- 
gent at its extremity, a the 
angle at which the ordinates 
to Pa^ are inclined, and, 
consequently, PTS = at. 

Then we know that it is 
a property of the parabola 

that TPS = PTS = *, 

.-. PSN = 2*. 

Now, ^ = coa2a = 1 — 2sin ! a, 

and SN = AN — AS = AN + AS — 2 AS = SP — 2 AS, 
SP — 2 AS 

.'. — = 1 — %Bm 3 a t .-. AS — SPein 5 a, 
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orSP = -^-. ■'. SPoc-—-, since AS is constant, 
sur a. Em a 

(72.) If CP*, CQ', be diameters of an ellipse, making angles 
a, p, respectively with the axis major, then 

CP' 8 _ a' 2 _ a 2 sin' /3 + 6 3 cos s j3 
CQ' 2 a" 2 ~~ a'^sin^a + 4' sin" a 
Let xy, x'y', be the co-ordinates of P' and Q' respectively, 
then x = a' cos a, and x' = a" cos & 
y — a' sin -j., y 1 = a" sin g; 

therefore, substituting in the equation to the ellipse at the 
points xy, sty', 

a s £* = a" s {a 2 sin 2 0 + i*oos J j3}, 
a 2 6 J = a' s {a s sin 2 a + fi'cos'jSJ; 
or dividing the former by the latter, 

j _ a" 1 a"Bm 2 0 + 6 2 cos 2 £ 
a' 1 a- sin'' « + 6* cos' J £ 
ct' 3 _ n'sin'g + fc 2 coB 2 g 
'"■ a"* "a 1 sin 2 «. + 6 2 cos s (3 

(73.) From any point P in an ellipse draw the ordinate PN; 
join P and the centre C of the ellipse, and also N and the 
extremity B of the conjugate axis. The locus of their inter- 
section 0 is required. 

Let at, y, be the co-ordinates of P, 
then 

is equation to PC (1), 

sni y=—-^x + b 
is equation to BN (2), 
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x'fy — b) = — bx, 

jr-i "* (y-6)*' 
and from (1), ai'y = #y 



a? a?(y — bf 

by 



Also, since ay is a point in the ellipse, we have 
substituting «y + 6' a: J = a s (y — 6) ! 

= 0 y_ + 

= bo? + = a* b\ .-. locus required is a parabola. 

(74.) At what point in an ellipse is the angle formed by the 
two focal distances greatest ? 



Let P be the required point. 
/. SPH = 9, 
CN = x . NP = y. 

Now tan 9 = — tan (PHS + PSH) 
_ tan PHS + tan PSH 
~~ tan PHS . tan PSH — 1 
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which must be a maximum when 

^_aV + *" = 0; 

i.e., when a? + y 1 = aV = CH 2 . 

But a? + y* = CP a = CH 3 , .-. CP = CH. 

Hence, with centre C and radius CH, describe a circle cut- 
ting the ellipse in P, this will then he the required point. 

(75.) The areabetween two normals to a parabola at the extre- 
mities of a focal chord and the curve = „ r-s-=-a fl being the 

3 sin 3 2 8 ° 
angle which one of the normals makes with the axis. 

Let PP' he the chord, 

PQ and P'Q the normals, which, 
since PP' passes through the 
focus, are at right angles to one 
another. 

Take x, y, the co-ordinates of P and a/, 3/, those of P' ; also 
the angle PGS = S, .-, SPG = 6. 

Now, 

area APP' = | {xy + y 1 } + \ {{a - of) y 1 - (« - a) y} 

since xy and ary are points in the parabola. 

But y= PS sin 30, and PS = n +r = 8a + PScosPSG 

= 2a— PScosSfl, 

PS — Sg _ a 
~ 1 + cos2fl — coa^fl' 

and y = P'S.sinae, 
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Likewise, P'S = 2 a + P'S cos 2 fl, 

... r's = - 2o = -g-, 

1 — cos aB sia-fl 
,\ y = 2 a tan 0, and y = 2a cotfl, 

.-. APP' = {tan 3 0 + cot s 0} + a 1 {tan Q + cot } 

_ a* f sm^g + cos'g 4- SahVlcos 2 ^ 
""St. sin'flcos'tf J 

_ a% f sin J fl + 2sin'fleos'fl + _ a 2 

~~ S ( sin a flcos a 0 ) — SBin'tf.c 

Again, 



= ^ {PS 2 + 2 PS . P'S + P'S*} sinfl . coafl 

_ « 2 /" sinfl 2 cosfl 1 

— "2 IcoFi sintf .cos0 Bin J flJ 

a a fain^f + 2sin ! dcoB ! 0 + cos a 01 o 5 

— 2" I Bin a fl.co3^ J + 3sin a fl.i 



therefore, the area 

APQP' = APP' + PQP' = ('^+!jY__J ^ 

T \3 T » / am^.coa-^ 

5a s 20 a 2 



6 sin^fl . coa* 6 3 . (8 sin :i 0 . cos'6) 
20 a 2 
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EQUATIONS OF THE SECOND DEGREE". 

(76.) The general form for equations of the second degree, 
being those in which the ordinates xy are involved to the 
second power, is 

Aic 1 + By* + Cxy + ax + by + c = 0, 

■wherein each of the constants A, B, C, a, b, c, may be either 
positive or negative. 

Let ws, in the first place, transfer the equation to two other 
rectangular axes parallel to the original ones, and having 
their origin at a point whose ordinates are x'y' ; and (24) by 
substituting x + x" and y + y' for x and y, we shall find the 
corresponding equation to be 

a (** + bx-x + x">) + b o s + a y> + y*) 

+ C{xy + y'x + «y + *V) 

+ a{x + a/) + b(y + /) + c = 0; 

which, arranged for x and p, becomes 

Ax t + By l + Cxy 

+ (2 Ax 1 + cy + a) x + (flBy" + Cx 1 + b)y 

+ {Ax" + Bf + CxV + ax 1 + by" + c) = 0. 

(77.) The first three coefficients, A,B,C, stand unaffected 
with, the new constants, of, y', by which we observe that 
they are independent of the position of the origin ; and hence 
the position of the origin of any equation of the second de- 
gree depends entirely on the values of the three last co- 
efficients a, b, c. 

(78.) We may now assume the values of the two ordinates 
x 1 ,^, at pleasure, since the position of the new origin is entirely 
arbitrary ; and consequently, by the principles of algebra, we 
may fulfil any two possible conditions which involve them ; 
" See Woolbonse's "Algebraic Geometry." 

P 
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let us therefore put the coefficients of x and y each equal to 
nothing, viz. : — 

3 Aa^ + C/ + a = 0, 
SBy'-f cV + & = 0; 

and thenoe 

_ eft — 2B<t , Ca- 3A 6 
~ 4AB- C 2 ' * — 4AB-&'' 

hence alao, by substitution, the last term 

+ By" + C«V + + b y~ + o = C " & 4 ~ |~^ + «I 

or by assuming 

Call — AJ 1 — Ba B + c(4AB — C 2 ) = G, 
it becomes 

a 

"4AB- C* 
The equation is thus transformed into 

Arf + By* + C*y + lA *_# = 0 (a), 

in which the fourth and fifth terms are wanting. 

(79 : ) Let us now transfer this equation to two other rect- 
angular axes, inclined at an angle v with the former, and re- 
taining the same origin ; and (24) substituting x cos v — 
y eiu a and x sin. » + y cos a for x and y, we get for the cor- 
responding equation 

A (x 1 cos 5 u + y J sin 3 u — 3a:y cos u sin ii) 
+ Bfar'sin 2 * + y 5 cos* a -j- 2a;y cosui sin ») 
+ C {a; 1 cos « siu <j — y 1 cos a sin « + *y (ccs a « sin a 
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which, arranged for x and y, observing that 

cos' a — sin 3 u = cos 2 u and 2 coa a sin v = sin 2«, 
becomes 

( A cos 3 m + B sin 2 u + C cos « Bin «) ar 1 
H- (A sia s u + B cos' w — C cos n sin u) 
+ {Ccos2^ — (A — B)sin2u}*y 

- = 0. 



4 A B — C* 

By taking the value of « so as to exterminate *y, 

C cos 2 a — {A — B) sin 2 « = 0, 

and tan 2 u = — - — , 
A — B 

which reduces the equation to 

(A cos' a + B sin' u ,+ C cos u sin u) «* 
+ (A sin' w + B cos' a — C cos <w sin «) j/ 3 



and hence it appears that every line of the second order may 
be referred to two determinate rectangular axes so that its 
equation shall be transformed into the above form. By 



A cos' a + B sin' u + C cos m sin » = A", 
A sin 2 a + B cos* » — C COS a sin a = B", 
it becomes 

A "*' + B "*" + iATrr7?=» «• 

(80.) Now if the principal semi-diameters of an ellipse and 
hyperbola be denoted by a', h', and the former be taken for' 
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the axis of x and the origin at the centre, their equations will 
be as follow: 
For the ellipse, 

^ + ~ = 1, or b n a? + a"f - a'^b' 1 = 0; 

and for the hyperbola, 

a" (/' 

the under sign representing the conjugate hyperbola. 

The signs may be all changed if necessary. 

By means of these two equations and the foregoing trans- 
formed equation, (b), we deduce the following particulars re- 
lative to the general equation. 

(81.) 1st. When A", B", are both negative, and G,4AB — C 1 
liave the same sign, the equation determines an ellipse; and 
when A", B", are both of them positive, and G and 4 AB — C* 
have different signs, the locu9 is also an ellipse^. 

(82.) 2nd. When A", B", are of different Bigns, and G not 
= 0, the locus is an hyperbola. 

(83.) 3rd. In each of these cases the squares of the prin- 
cipal semi-diameters are equal to 

±G ±0 
A"(4AB — C)' B"(4AB — C 3 )' 
the under sign being for the ellipse, and either sign for the 
hyperbola. 

(84.) 4th. The values of G, A", B", are determined from 
the equations 

G = Ca6 — Ai a — Ba' + c(4AB — C 1 ) (1), 

<■>■ 

A" = Acos'w + B sin a « + c cos* sin« 
B" = A sin 3 a + B cqs'w — C cos* sins. 

* For the immediate values of A", B", see article 103. 
+ The conjugate hyperbolas liave the conjugate nxis of the other hyper- 
bolas for the transverse, nnd transverse of the othen for the conjugate. 



} (3). 
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wherein « is the angle included between the original axis of x 
and the principal diameter of the curve. 

(85.) 5th. The position of the centre of the curve is 
determined by 

Cb — 2Bo Ca — SA6 

4 AB — C 4AB — C 5 " 

(86.) 6th. When the equation is of the form 

Ax 1 + By + Cxy + c=0, 

wherein the fourth and fifth terms of the general equation are 
wanting, we have a = 0, 6 = 0, and thence x 1 = 0, / = 0, 
■which therefore shews the origin to he at the centre of the 
curve. This agrees with equation (o), article 78, where the 
origin is transferred to the centre. 

(87.) 7th. By adding the equations (3), article 84, we find 

A" + B" = A + B. 

Hence we see that, whatever be the position of the axes of 
co-ordinates, the sum of the coefficients of a? and y 1 will be 
the same. 

(88.) 8th. When G = 0 and also A" and B" of different 
signs, the general equation defines a straight line. 

For in this case the transformed equation (b), article 79, 
becomes 

A" a? + B"f = 0, 

which gives 




and this value is real when A", B", have different signs. 

(89.) 9th. In the two following cases it will be found that 
no real values of x and y can possibly fulfil the equation (b) ; 
and consequently that tho equation can have no locus. 

First. When (i and 4 AB — C s are of the same sign, and 
A", B", both of them positive. 

Second. When G and 4 A B — C a are of different signs, and 
A", B", are both negative. 
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. (90.) 10th. When G = 0, and A", B", have the same hign, 
no real values of x and y can satisfy the equation (6), except 
the particular case of x = 0, y = 0. In this case, therefore, 
the locus is the single point corresponding with tho new 
origin of y. 

(91.) 11th. It appears that by changing the position of 
the origin to the centre at y", the equation 

Ax 1 + By 1 + Cxy + am + by + c = 0 

is transformed into the form 

A a' + By 3 + Cxy + k = 0, 



Also, that hy taking two other axes of co-ordinates making 
an angle a with these, so that 

tan 9.* = — - — , 
A — B 

the equation 

Ax 1 -f By' + Cxy + ft = 0 

becomes of the form 

A" x 1 + B"y* + h = 0, 

wherein A" + B" = A + B and the constant ft is unchanged. 

(92.) 12th. Let x", y", be the two semi-diameters of the 
curve 

A a* + By 1 + Cxy + h = 0, 

which coincide with the axes of co-ordinates to which it is 
referred, and they will he determined by taking first y = 0 
and then x = 0 in the equation, the results being 
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Let also a', b', be the principal so mi- diameters which coin- 
cide with the axes to which the equation 

A" a 5 + B"y + ft = 0 

appertains ; and ws similarly have 

A" B" 
Hence, as A" + B" = A + B, we have 

af-'^y"' a'*^b'*' 

That is, the Bum of the reciprocals of the squares of any 1 
two semi-diameters of a curve of the second order, which are 
perpendicular to each other, is the Bame ; and, in reference 
to the general equation, is = 

-^=-^( 4 AB-C). 

(93.) When 4 AB — C a = 0, we have (55) a/, y\ both of 
them infinite, which shews the centre of the curve to he 
infinitely remote from the origin. It becomes hence neces- 
sary to consider this case separately! 

Let A#' + By 5 4- Cxy + ax + by + fl = 0 

be the general equation, in which 4 AB — C a = 0. 

Then, transferring the origin to a point aftf, the cor- 
responding equation (76) is 

A or + By a + Cay 

+ {ZAaf + cy + a)a> + (3By + C*' + b)y 

+ (A*" + By + Ca/y + aaf + by" + c) = 0. 

Let jc'y determine some point in the curve, bo that 
Aa" + By* + C*y + ad + by' + c = 0, 
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and the equation becomes 

A3? + Btf + Cxy 
+ (2Aaf + Gy + a)x + (2By + Car' + b)y = 0. 

But, since 4AB — C* = 0, and .-. C = 2 V AB, we have 
Aa? + By> + Czir = (x*/A +yJBf, 

Henco the reduced equation is equivalent to 

+ (3Aas' + cy + a)x + (2B/ + Co? + b)y = 0. 

(94.) We shall now, as in article 79, transfer this equation 
to two other rectangular axes proceeding from the same 
origin, and making an angle, w, with the former; and, (eq. 4, 
p. 36), putting ascosM — y sin a and a: sin « -j-ycoaa for x and y, 
the resulting equation is 

{(cosu -J A.+ sin« */B)x — (sinu *J A — COSw */ B)y} 5 
+ {(SAaf* + cy + a)cos« + (2By' + Ca^ + J)Bin*}a> 
— {(2Aa/ + cy + o)sin« - (2By + 0^ + 6) cos»}y = 0. 

Let *> satisfy the condition 

cos u */ A + sin « B = 0, 

which will give 

, A , B ■ , A 

tana- =— s/ — , cosb =— V , sina? = -y , 

V B' v A + B v A + B 

and thence 

sin« V A — cosw »/ B = ,/(A + B); 

(2A i p' + cy + a)cos« + (2By + Cat + i)sin» 

- " v /B ~ 6 V A 
~ V(A + B) ' 

and (SAa/ + cy + a) sin « — (2 By + Ca/ + J) cos* = 
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The equation thus becomes 

-W(* + »){^A + y^. + ?^J} s = ». 

(95.) We have (98) assumed aftf to determine a point in 
the curve, but not restricted ourselves to any particular 
point; we may, therefore, take this point where the curve is 
intersected by a straight line whose equation is 

by means of which we shall hare 



S(A+B) 
which reduces the equation to 

»■ 

But the equation of a parabola, whose parameter is p, 
taking the origin at the vertex and the principal axis for the 
axis of x t is 

y=px r or j/ 1 — px = 0. 
Hence the following particulars:— 
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(96.) 1st. When a j B — b J A not = 0, the locus is a 
parabola whose parameter is equal to 

a V B — b \/A 

(A+B)* 

(97.) 2nd. According to article 8, the equation 

defines a straight line inclined to the original axis of # at an 
angle whose tangent = — /^^^> an| i which is therefore 

equal to 0, the inclination to the axis of the curve with the 
axis of a; this line (05) also passing through the vertex 
x'y, it must coincide with the axis of the curve. Therefore, 
the above equation proncrly represents the principal diameter 
of the curve ; by uniting it with the original equation, we 
may hence find the co-ordinates 3? of its intersection with 
the curve, or the vertex. 

(98.) 3rd. If d v , B-5VA = 0,or nVB = WA, 
the equation (c) gives simply - 



which shews the locus in this case to be a straight line cor- 
responding with the new axis of as, the equation of which is 
given (97). 

(99.) 4th. The equation 4AB — & = 0, giving C 1 = 
±2 ^ AB, .the values of the constants A, B, must have the 
same sign to make C real; that is, they must be either both of 
them positive or both negative ; and hence we may consider 
them both positive, for, when negative, they can he made so 
by preliminarily changing all the signs of the original equa- 
tion. If, under this consideration, C be negative we shall 
have C = — 2 ^ AB instead of + 2 ./ AB ; in this case, 
the foregoing operations hold good by either substituting 
— */ A instead of V A or — •/ B for j B, or by considering 



DigiiizM By Google 



ANALYTICAL GEOMETfiy. 107 
either n/ A or ./ B to have a negative value ; and tan w will 
become hence = + ■»/- instead of — »/ — . 

Thus we see that, when C is negative, tan « is pontine, and 
a < ~ ; and that, when C is positive, tan w is negative and 

,. . < 

The foregoing investigations lead immediately to the solu- 
tions of the three following propositions. 

(100.) To express the equations of the principal diameters of 
a curve of the second order, which is determined by the general 
equation. 

The co-ordinates of the centre (85) are 



" 4AB-C-" 7 4AB-C 1 " 

Let u denote the inclination of one of the principal dia- 
meters of the curve with the co-ordinate axis of x; and (84) 

from which 

sec 2 « - 1 , {(A -B)' + C'}-(A- B> 

«.». =vf c 

Now the diameter being inclined to the co-ordinato axis of 
x at the angle «, and also passing through the centre x" y of 
the curve, its equation (IS) is 

V — / = — a^tan*. 
Hence, by substitution, we have 

Ca — 2AZi _ 
^ 4AJ3 — C 1 ~ 
{ {(A-B)* + C ? }-(A-B) 

\ X AAB — & J'* C "' K 

for the equation of one of the principal diameters 



DigiiizM By Google 



ANALYTICAL GEOMETRY. 



The other diameter passing through the centre af jf per- 
pendicular to this, its equation (15) ia 



* 4AB-C" 
Cb — 2Ba\ 



\ 4AB- C* /' V {(A - Bf + C 3 } — (A — B) 
or, which ia the same, 

_ Cfl— _2A5 _ 
V 4AB — C* — 

/ Ct-3B« \ {(A-Br + C s } + (A-B) 
"V*~ 4 AB — C J' ^ 0 

(101.) Cor. 1. If the origin of the ordinateB he the centre of 
the curve, its equation (86) will he of the form 

Aa? + By 5 + Cxy + c = 0 ; 

and we Bhall have a = 0, b = 0. In this case, therefore, the 
equations of the principal diameters are 



(102.) Nbfa. The equation 

tan 2 « = — ? - 
A — B 

* By uniting these equation* of the principal diameters with the give 
iquation of the eurre wo may thence find the positions of tho vertices. 
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applies equally to both diameters. For, if 2 » fulfil this equa- 
tion, it will also hold good when 2 « ± n- is substituted ; and 

» denoting the inclination of one of the diameters, * ± ^ will 

evidently be that of the other. 

From this equation wo derive generally 

to. ^""— l = + vf «A-By + C-}-(A-B) 

tan 3 a ~~ v C 
the upper sign appertaining to one of the axes, and the under 
sign to the other. 

Thus, by making use of the under sign, the equation (x) will 
become the same as the equation (y), and vice versa , be- 
cause 

{(A-B)' + C}-(A-B) {(A-By+tf}-(A-B) 
V C ' V C 

When 4 AB — C* = 0, see article 97. 

(103.) The equation of a curve of the second order being 
given to find the values of its principal semi-diameters. 

The squares of the semi-diameters are (83) equal to 

± G ± G 

A"(4AB— C*)' B"(4AB — &)' 

wherein (84) 

G = Cab — AJ 1 — Ba* + c(4AB — C 1 ); 
A" — Aces** + Bsin 1 m + C cosw sin u, 
B" = A sin*« + Bees' w — Ccos u sinu, 

and tan 3 m = — 

A — B 



LT.I'I Z-Jd c , 



no 
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From the last wo deduce 




C 



cos a sin w = 



3 V{(A-Bf + C*} : 



and hence we get 



A" = 



A + B + J {(A - B? + C'} 

2 



B' 



A + B-s/{(A-B) a +C g } 

2 



These and the foregoing value of G substituted, the squares 
of the principal semi-diameters of the curve are found 
equal to 

2{Ca S — A 5' — Ba' + c(4AB — C) 
± (4AB- C) [A + B + V {(A - B) a + C'}] ' 

- (4 A B - C 1 ) [A + B - V {(A - B)' + C 1 }] ' 

the under sign being for the ellipse and either sign for tlio 
hyperbola (83). 

(104.) When the origin is at the centre of the curve (91) 
a = 0, b = 0 ; and therefore, in this case, the squares of the 
principal semi- diameters are equal to 



A + B+VKA-BJ'+C 2 }' A+B- ^{[A-Bf + Cj 



±2c 



± 2c 
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(105.) To determine the particular description of a curve of 
the second order from the immediate relative values of the con- 
stants which belong to its equation. 

In (81), (82), and the subsequent articles, the different 
cases are severally stated, throughout the various relations of 
A", B", G, 4AB-C 1 , Sc., where A", B", are (84) expressed 
in terms of the coefficients A, B, C, by means of the arc a as 
a subsidiary. Tt is hence only necessary to transfer the rela- 
tions of A", B", to those of the immediate coefficients A, B, C, 
which may bo easily effected from their values which have 
already been found (103;, viz, ; 

A „^ A + B + ^{(A-B) 1 + C-} i 
3 



Thus it is evident that, when (A + B) 3 is greater than 
(A — B) 2 + C", the sign of A -j- B cannot be affected with 
either the addition or subtraction of {(A — Bf + C'-'}, and, 
consequenfly, that the values of A", B ', will both have the 
same sign with A + B. But, when (A + B) 3 is greater than 
(A — B) a -j- C 2 , we shall have 

(A + B) s — {(A — B) + C 2 } = 4 AB — C 3 positive. 

Hence, when 4 AB — C 3 is positive. A" and B" will both 
of them have the same sign with A + B, that is, they will 
both be positive when A + B is positive, and both negative 
when A + B is so. 

It is also pretty obvious that, when (A + B) 2 is less than 
(A — B) 2 + C' f , the values of A", B", will have different signs, 
that is, the one will be positive and the other negative. 

In this case we shall have 
(A + B) 5 — {(A - B) 3 + C 3 } = 4AB - C 2 negative. 
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Thus we see, when 4. AB — C s is negative, that A", B", are 
of different signs*. 

Again, under the class 4AB — - C a = 0, when the value of 
a ./ B — b ^ A = 0, we shall have 

2 ^ A (a ./ B — i A) = 2a V AB — 3 Aft = 0, 

or Co — 2A& = 0. 

Hence, also, when a */ B — b V A not = 0, we shall have 

Ca — 2A&not = 0. 

By carefully comparing these relations with the articles 
(51). (52), (58), (59), (60), (66), and (68), we find the 
different descriptions of the curve to be as in the following 
arrangement, wherein 

G = Cab — A6 S — Ba l + c (4 AB — C 5 ). 

* Theie relations are also pretty evident from the equations 
A" + B" = A + B, 
4A"B" = 4 A B -C*. 
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(106.) Parabola related to its Conjugate Diameters. 
Substitute for x and y respectively, the values 

a + x cos a + ycoao', and b + a? sin a + ysina'; 
in the equation jf- =px, p being the parameter, and we have 
6 s + (#si!ia -f ysine/) 3 + Si (x sin a + ysina') 
= i 2 + arsin ! o +y s sin s a' + 2a:ysmasina' + Sfiaisiua 
+ 25ysina' = p[a + #cosa + ycosa'), or 
y'sin'a' + x'sitfa + flasyslaasina + b~ 



! -»n=o... (1 ). 



+ (2isin 0 — pcosa)x + (25sina' — peos 

That this equation may be of the form y 2 = lex, the 
following conditions must obtain 

sin asm a = 0, sin 2 a — 0, 2 J shut' — pcosa' = 0, 



As the second of the above conditions establishes the 
first, it follows that, to determine a, a, b, we have only 
three distinct equations. Thus the number of systems of 
axes with respect to which the equation preserves the above 
form is infinite. The relation sin a = 0 shews, besides, 
that the angle contained by the old and new axis of x = 0, or 
the new axis of x, is parallel to the principal axis. Therefore, 
in the parabola all the diameters are parallel to the principal 
axis. 

In the second place b" — ap = 0, being that which y' — px, 
or y 2 — px = 0, becomes when we replace x and y, for the 
co-ordinates, a, b, of the new origin, we conclude that this 
origin is on the curve. In giving to a any arbitrary value, 
we find from the equation 6 3 — p a = 0, the corresponding 
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value of b, and the point A' determined by these values repre- 
sents the new origin. 

LaBtly, the equation 2 b sin a,' — p cos *' = 0, gives 
(4), 

which is an expression similar to a = , which has been 

found for the tangent to a parabola, which shews that the 
new axis of y is a tangent to the curve. 
By equation (4), 

tan* J = , .-. cos 2 a' = . ■ 

4 6- io* + jr 



sin 2 a' = tan 3 o' cos s a' 



— Jl. zZ. 

~ 46- ' 44* +p' J 



.'. a fc-4-+*-4(. + f). 

Now, if we suppose AG to ho the abscissa of the new origin 
A' related to the old axes, and we draw the radius vector FA', 

we know that this radius vector is expressed by a + ~ , there- 
fore -t~~, = 4 A'P, that is, the parameter of the parabola 

related to a system of conjugate axes is four times the dis- 
tance of the focus from the new origin *. 

Putting p' for the new parameter, we have the equation 
if = p 1 x for the equation of the parabola related to its dia- 
meters. 

The equation y 3 = p' x, or ~ = p', shews that, for any 

system of conjugates, the squaTes of the ordinates are propor- 
tional to the corresponding abscissas. 

* This haa been done in a different way at page 80. 
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Examples. 

(1.) Let a circle be described, radius R, about a triangle 
formed by tbreo tangents to a parabola, whose latus rectum is 
a, and let x s , x.,, ce s , be the rectangular abscissa? of the three 
points of contact, measured from the directrix, then 

oR s = ^2^. 

(2.) Given the base of a triangle and the sum of the tangents 
of the angles at the base, to determine the locus of the vertex. 

(3.) If an ellipse the greatest possible be inscribed within a 
given triangle, and within the ellipse the greatest triangle, 
and again within the triangle the greatest ellipse, &c., ad 
infinitum, find the sum of the area of all the triangles and 
of all the ellipses. 

(4.) Given the base of a triangle and the difference of the 
angles at the base, to determine the locus of the vertex. 

(5.) Find the locus of the intersection of the tangent to a 
parabola, and the perpendicular upon it from the vertex. 

(6.) Shew that the locus of the focus of a parabola which 
shall touch a given straight line, and have a given vertex, is 
a parabola. 

(7.) If any two conic sections havo a common focus, their 
intersections range upon two straight lines passing through 
the intersection of the directrices. 

(8.) Given the base and sum of the sides of a triangle, to 
find the locus of the centre of the inscribed circle. 

(9.) Given the base of a triangle and the sum of the other 
two sides, to find the locus of the inscribed circle. 

(10.) Tangents to a parabola form a given angle with each 
other ; what is the locus of their point of intersection ? 

(II.) A series of circles being described touching the 
double branches of the cissoid; the first also touching the 
directrix, the second the first, the third the second, and so 
on, it is required to determine the abscissa of the point of 
contact of the nth circle. 

(12.) Let seven points in a conic section be connected in 
any order by the successive lines a 2 , o 3 ... a,, forming any 
closed heptagon ; let P„,„ be the intersection of a„ and a„ : 
then the three pairs of lines P„ P„ and P 1S P w , P M P„ and 
p m p m> p n P m p « P j»> intersect in the same straight 
line. 
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(13.) Let 

y* = az*+ 2bx + e 
y—a^ + Zb^ + c 




be the equations to two conic sections ; then, if 

(J - by = b* - ac ± 2 (6* - ac)\ ft," - o, e% 
an indefinite number of triangles may be inscribed within (1) 
whose sides shall be tangents to the curve (2). 

(14.) If three points be taken in a parabola, the ordinates 
of which are mp, np, and — ~ • P> th* circle which circum- 
scribes the triangle formed by tangents at these points, will 
pass through the vertex and focus : if the ordinates be mp, 

np, and — — ^ - . p, it will pas3 through the focus and 

the intersection of the axis and directrix: if mp, np, and 

— — , n, it will touch the axis at the focus ; p being 

m + n 

the semi-parameter, and m and n any numbers. 

(16.) If two conic sections, whose axes are parallel, inter- 
sect one another, the lines joining the poiuts of intersection 
are equally inclined to the axis. 

(16.) Any teven points being given, two others can bo as- 
signed, such that the thirty-sue connecting lines of the system 
Bhall be tangents ly six together of twelve conic sections. In 
how many ways can these points be found? 

(17.) A conic section is cut in four points by a circle, and 
two lines, each passing through two of the points of intersec- 
tion, are made the axes of co-ordinates, their point of meeting 
being the origin; shew that the equation to the conic section is 
of the form t? + bxy + f + dx + ey +f = 0. 

(18.) Describe a circle touching three semicircles, the 
distance of its centre from the diameter = 2 (its radius). 

(19.) The tangents at the extremity of any focal chord are 
perpendicular to one another. 

(20.) One circle touches another internally, and another 
circle touches both of them; find the locus of the centre of 
this latter circle. 

(21.) In the parabola, if PT and QT be tangents to it at P 
and Q, respectively, intersecting in T and PQ, a normal at Q, 
then will the directrix biBect PT. 
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(22.) The locus of the feet of the perpendiculars, dropped 
from the focus upon the tangent to a parabola, is the line that 
touches the parabola at its vertex. 



7 (x — as')- 



'7" 

p = — y/'a 1 + daf, .'. p" = «* + ax 1 . 

Let x = o in the equation, y y' = 2 a (x + x'), 
and yy' — %ad, 
Saw' 

■■* = — ■ 

... ^ — + « 2 — ax 1 + a 5 , as before, 

.-. the locus is as above. 

(28.) From the vertex of a parabola a straight line is drawn, 
inclined at an angle of 45° to the tangent at any point ; find 
the equation to the curve which is the locus of their intersec- 
tion. 

Let a/,/, be the co-ordinates of P, then, since it is in the 
parabola, 

y' a = 4ai' (1). 

equation to the tangent atPisjfjf' = Za(w+x f ) ... (2), 
A RAT = 45° - RTA, 



n RA T = tan R AX = ^y^' 

+ ? 
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or tan RAX = 



> — y 



.-. equation to It A, passing through the origin, is 

from(2),y = 3a(^) (4), 

and from (3), 2 ay + ytf = %ax — 
or(* + 3 /)/ = 2a(*-./), 

(Bf) » 

.■.w-(.)^-^{. -*' = - 4±f 

By (4), substituting for si, y* = 3d ( j~ ) ' 

Substituting these values of at,tf, in (1), we obtain 
a(x — y) a + (* + y) (a;' 3 + y) =0, the equation required. 
(24.) Prove that the length of the longer normal to the ellipse 

(25.) Fiud the equation to the normal to a parabola under 
the form y + 2a ta = tax — am*. 

(26.) Determine the locus of a point within a plane triangle, 
so that the sum of the squares of the straight lines drawn 
from it to the angular points is constant. 

(27.) Given the base of a plane triangle and the difference 
of the angles at the base ; find the curve traced by the vertex. 

(28.) Two given unequal circles touch one another exter- 
nally ; ihew that the locus of the centre of a circle which 
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always toucbeB the other two is a hyperbola. Find the axes 
and e, and shew what the hyperbola becomes when the given 
circles are equal. 

(29.) Shew that, by transforming the axes through 30°, 
the equation 

ay = 3 . a? + 2 y/Z . xy + y 
belongs to the common parabola. 

(30.) If, with the co-ordinates of any point in the quadrant 
of an ellipse as semi-axes, another quadrant be described, with 
the same centre, the chord of the former will always be a tan- 
gent to the latter. 

Let x y be the co-ordinates of P, 

XY those of T. 

Then equation to the exterior ellipse is 

!/' = £(«'-*') (1). 

and Y 1 = ^ (a? — X*) is equation to the interior ; 

substituting from (1) this becomes 

Y *-!?-^"- x *> w ; 

equation to A B is 

a 

... Y = 6--, X = -(*-X) (3); 

combining (3) with (2) 
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a* — 2 a X « a + « s X s = 0, 



K-^ = 0, 



tf-aX = 0, 




Hence the chord meets the quadrant in only one part, and 
is therefore a tangent to it, 

(31.) The side of an equilateral hexagon inscribed in an 
ellipse eccentricity e, with two sides parallel to the axis 
major, is to the side of one inscribed in a circle on major 
axis:: 4-2^:4-^. 

Let AP be the side of the hexagon in ellipse, then a and y 
being the co-ordinates of P, and A C = a. 

AP = </(a_*j» + 7= F< i' 
= 2ar, 

.-. (a — xf + y* = i a 5 , 
- 4 x* — (a — xf = (1 — e*) (a 2 — a?) by the ellipse, 



(4 — a*) & + 2(1 x 



(2-* 2 K, 





^ + C4^^{rr7 + (4^! a 



8-4^-2^ + ^+1 ^ 
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a 3-e= 
3 — »»— l t%— e 



AP = S« =t side of hexagon = 3d — ^ , 

and sido of hexagon in the circle on major axis = a, 
.'. AP: a— 4 — 30*: 4 -A 

(32.) If radii vectores, be at right angles to each other 

from the centre of an ellipse, \ + = -4 + -L 
P J a'" tt a o J 



■■■ e* = 

and 



a* cos s 9 -f- 5 s sin 2 fl' 



q a sin 2 6 + b* cos B fl _ 6» - (f - a 2 ) sin 3 9 



6» 



(33.) If two parabolas have a common axis, a straight line 
touching the interior, and bounded by the exterior, will be 
bisected in the point of contact. 

(34.) If C bo the centre of an ellipse, and in the normal to 
any point p, PQ be taken equal to the semi-conjugate at P, Q 
will trace out a circle round C. 
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(85.) An ellipse has a square described, touching it at the 
extremities of the minor axis ; an ellipse upon the major axis 
circumscribes this square. This ellipse is dealt with in tho 
same way as before, and these operations are continued till 
there are (n + 1) ellipses altogether; prove that if the original 

eccentricity equals a/ - the last ellipse becomes a 



The side of the square must evidently be S&, and if b s = 
semi-minor axis of the first circumscribing ellipse, 



circle. 




{•■-*}, 



a' i> = V {«» - S"}, 



a't' 



similarly, = -j- 



a' - 26" 




But if this last ellipse be a circle, V = a 2 , 
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(36,) If y* — a? = a', and 2 #'3/ = a', represent the same 
curva referred to rectangular asea with the same origin, find 
the angle the axis of one system makes with the axis of the 
Other. 

Let 8 equal the angle required ; then, since 
x = x cos 8 — y sin 8, 
y = x sin 6 + y cob 8 ; 

therefore, substituting in the first 

(a sin 8 + y cos 8f — (a; cos 8 — y sin 8)" = a 3 , 
or (x 1 — y°) (sin 1 8 — cos 5 fl) + 4 xy sin 0 cos 8 = a 3 , 

and this is to have the form a" = 8 

.-. sin 1 8 — cos* 8 = 0, 2 sin 0 cos 8 = 1 , 
or sin' 5 = 008*6, and sin (J , cos, 6 = \ 




(37.) Shew that a conic section is the locus of a point whose 
distance from a given point is a linear function of co-ordinate 
of the former point. 

r = A + B* + Cy, 

r> = x 1 + y 1 = (A + Ba> + Cy)*, 

an equation of the second degree ; therefore, that to a conic 
section. 

(38.) Shew that the angle between two conjugate diameters 
in an ellipse can never he acute, and the angle between 
any two conjugate diameters in the hyperbola can never be 
obtuse. 
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If y be the angle between the conjugate diamoters, 
y = mx, 
y = m'%, 

tan y = tan ( - * + g) = ^ ~ m - ; 

1 + mm 

and this in the ellipse 



and is negative ; therefore y is obtuse. 

In the hyperbola, mm' = -j, therefore, m and m' have the 

same sign or the conjugate diameters lie in the same quad- 
rant; therefore, the angle between them is never obtuse. 

(39.) In the hyperbola, if the straight line joining the points 
of contact of two tangents which intersect in a point (Aft) 
(external) always pass through tie focus, find the locus of 
the point. 

The equation to the line joining the points of contact is 
a 2 kp — b 2 hx = — d'lr, 
as =ae, y = 0 ; 

therefore, substituting — tfhae — a 3 f> 8 , 



therefore the locus is the directrix. 

(40.) Find the condition that the curve ax 1 + bxy + cy"= d 
may have an asymptote. 




or hae = o a , h — ~> 



e 
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(41.) Find the equation to a circle referred to two tangents 
as co-ordinate axes, and obtain also the equation to the tan- 
gent to the circle thus referred. 

Let Aar, Ay, he the co-ordinated axes, P any point of the 
circle whose co-ordinates are x, y, and c = the radius of the 
circle whose centre is C. Join C P ; then 

(x-cf+ {y- c f=c\ 
or, a? + y 1 — 2e (x + y) + c a = 0, 
is the equation to the circle. 

Again, from C draw C V parallel to Ax, meeting the tangent 
PT at the point p, in V and draw FN parallel to Ay, then 

L. PTA — L. CPN, and tan PTA = — tan PTif, 

.-. tanPTa; = -t^lS, 
y-c 

consequently the equation to P T passing through the point 
V(w,y), is 

y — c ' 

or, (Y-y)-(y~c) + (X c) = 0, 
which is the equation to the tangent. 

(42.) In an ellipse, if a be the vectorial angle of the point 
of contact referred to the focus, the polar equation to the 
tangent is 

a (1 — e a ) =r {ecosS + cos(d— a)}; 
hence, shew that the straight line joining the focus and the 
intersection of two tangents bisects the angle between the 
radii vectores of their points of contact, 
ASP = a. 

If x be the abscissa of P, the point of contact from the 
centre of the ellipse, 

SP = a — ex~\ _ a 2 ae.BP 

E- .-. ST = ae = 

.■. ex = a — SPj x a — SP 
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The equation to a straight lino is -= A cos 6 + Bsintf. 

t» « „ 1 a — SP , , . , cos a -i- e 

If« = 0, A=- = _=(,te> ( =.)^ T -5 5 , 

from equation r = sp = 

1 + acos 6 

and B = 



1 _ ecosfl + COS(fl — o) 

For the point of intersection of two tangents to the points 
whose vectorial angles are a, $, wo have 

e cos 6 + cos [6 — a) = e cos 8 + cos (0 — j3), 

cos(0 — a) = cos(0 — 0), 



(43.) Find the relation among the coefficients in the gene- 
ral equation of the second order, that all diameters may be 
parallel to one another. 

(44.) Let lines be drawn from the vertex of a parabola to 
the angles of a triangle formed by the intersection of three 
tangents to the curve, make angles with the axis denoted by 
6', 6", fl'" ; also let the lines drawn from the vertex to the 
points of contact make angles with the axis denoted by 
6 V B 2 , fl,. Then 

tan 6' + tan 6" + tan fl'" = tan S t + tan fl 3 ■+ tan fl,. 

(45.) Construct the curve whose equation is 
xy — 'H.y + x — 1 = 0. 

(46.) Find the position of the curve of which the equa- 
tion i3 

f _ %xy + Sx 3 + %y - ix - 3 = 0. 



IBS ANALYTICAL GEOMETRY. 

(47.) TP and TP' are two 
tangents to a parabola, at right 
angles to each other, 

TP=6, and TP' = e; 
find the latus rectum. 



(48.) Given the base of a triangle, and the product of the 
tangents of the base angles, to find the locus of the vertex. 

(49.) Given the base of a triangle, and the difference of the 
tangents of the angles at the base, to find the locus of the 
vertex. 

(50.) Given the diameter of a parabola, and a tangent 
through its vertex, to find the locus of the vertex. 

(51.) If (na + $y = y) be the equation of any tangent to 
the ellipse, to determine what relation must hold between a, @, 
and y. 

(52.) If 6 and ff be the angles which two conjugate semi- 
diameters r and r' of an ellipse make with the axis major, to 
shew that 

si n (ff + 6 ) _ r- — r'- 
sin [# - 6) ~a 2 — i 2 ' 

(53.) The product of the two perpendiculars let fall from 
any point of the hyperbola upon the asymptotes is invariable. 




Li. WiHXlfall anu ton. Printers. Aii«c] Court, skinner.- 1 ttt, London. 
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remember that the disciples cannot arrive without the aid of boots." Popular 
Treatises are to Suicnee what boats are to large ships ! they assist people in 
getting aboard, Put aa no one would trust hiniBelf to a weak and inefficient 
boat, bo no one ought to begin the study of Science with an imperfect guide. 
It sometimes happens that popular tr-_-Li!i.;cs i:re made to appear easy by the 
omission of these very devils ivliiili are nio-t essential to be known : they state 
results without going through tho necessary processes by which those results 
are gained : they deal largely in facts, and leave principles untouched. 

The only method of avoiding this error is to confide to men who are 
masters of thtir iv.-;i<.e'.ive m-.iji;«td ih-: i.'.-k -A (k-.nvin- up r^pular Introduc- 
tions to the several branches of Science, as well as uniting elementary principles 
with practical applications. The Publisher trusts that the following list of 
names will bo a sufficient guarantee to tho Public that what ho proposes to 
attempt in the cause of Popular Instruction will be done well ; and that these 
little treatises will fully answer the purposes for which they are intended, 
namely, to become convenient and accurate Guide-Books in Popular Institutions 
generally, while their low price will placa them within the reach of all classes 
earning their dailybrcad, to many of whom a knowledge of the elements, together 
with the practice, of the Sciences are positive gains in the common pursuits oflifo, 
ai well as a means of winning from gross tastes, and presenting to the mind 
nobleand worthy objects of study. Thcserics, also, isextended to tho Elemental 
and Practical Science of Mathematics, for thoso who desire to advance and 
perfect their atudios. Together with an Educational Scries. Tho whole in 
demy 12mo., as follows ; 

1. CHEMISTRY, by Prof. Fownes, F.R.S., including Agricultural Che- 

mistry, for tho use of Fiirmers, 4th edition Is. 

2. NATURAL PHILOSOPHY, by Charles Tomlinson. 3rd edition . . It. 
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Model Specification : — 
General Clnuscs. 
Foundations. 
Well. 

Artificial Foundations. 
Brickwork. 

Bubble Masonry with Brick 
Mingled. 
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Mortgagor — 1. Ditto of Party Walls and Fences— E. Ditto of Highways 
and Bridges— 6. Nuisances. 

XXII. — The Law relating to Appbaisehs and Auctioneers. 1, 
The Law relating to Appraisements— 2. The Law of Auction, 

XXIIL— Landlord and Tenant. 1. Agreements and Leases— 2. 
Notice to Quit^3. Distress— 1. Recovery of Possession. 

XXIV. — Tables. Of Natural Sines and Cosines— For Reducing 
Links into Feet— Decimals of a Pound Sterling. 

XXV. — Stamp Laws.— Stamp Duties— Customs' Duties. 



EXAMPLES OF VILLAS AND COUNTRY HOUSES. 



ON LANDED PEOPEETY, By Pbopessob Donaldson. 

L — Landlord and Tenant— their Position and Connections. 

II. — Lease of Land, Conditions, and Restrictions; Choice of Tenant 
and Assignation of the Deed. 

III. — Cultivation of Land, and Rotation of Crops. 

IV. — Buildings necessary on Cultivated Lands — Dwelling Houses, 
Farmeries, and Cottages for Labourers. 

V. — Laying-out Farms, Roads, Fences, and dates. 
VL — Plantations — Young and old Timber. 

VII. — Meadows and Embankments, Beds of Rivers, Water Courses, 
and Flooded Grounds. 

VIII. — Land Draining, Open and Covered,— Plan, Execution, and 
Arrangement between Landlord and Tenant. 

IX — Minerals— Working and Value. 

X. - — Expenses of an Estate — Regulations of Disbursements — and 
Relation of tho appropriate Expenditures. 

XI. — Valuation of Landed Property ; of the Soil, ofHouses, of Woods, 
of Minerals, of Manorial Rights, of Royalties, and of Fee Farm Rents. 

XII. — Land Steward and Farm Bailiff : Qualifications and Duties. 

XIII. — Manor Bailiff, Woodrove, Gardener, and Gamekeeper — their 
Position and Duties. 

XIV. — Fixed days of Audit— Half- Yearly Payments of Rents — Form 
of Notices, Receipts, and of Cash Books, General Map of Estates, and of 
each separate Farm— Concluding Observations. 
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BRIDGES. 

45. 

In 4 voIj. royal 8vo, illustrated I>y 138 engravings and 52 wood-cuts, bound 
in 3 vols, half-morocco, price £4. IQj. 

THE THEORY, PRACTICE, AND ARCHITECTURE 

OF 

BRIDGES OF STONE, IRON, TIMBER, AND WIRE ; 

"WITH EXAMPLES ON THE PRINCIPLE OF SUSPENSION. 



Theory of Bridges. By James Harm, King's College, London. 
General Principles of Construction, &c. Translated from Can they. 
Theory or the Arch, &c. By Professor Moseley. 
Paters on Foundations. By T. Hughes, C.E. 

Account of Hutch ebon Bridge, Glasgow, with Specification. By 

the late Robert Stevenson, C.E. 
Mathematical Principles of Dredge's Suspension Bridge. 
Essay and Treatises on the Practice and Architecture of Bridges. 

By William Hosking, F.S.A., Arch', and C.E. 
Specification of Chester Dee Bridge. 

Practical Description of the Timber Bridges, &c, on the Utica and 

Syracuse Railroad, U. S. By B. F. Islierwood, C. E.J New York. 
Description of the Plates. — General Index, &o., &c., &c. 



of Bill iter bridge across tht 




K,!,:tLmi oi fuut-iiath on do., &e. 

!>. ci,i.;Ltii,!i liLi.li.-i- fit. v tin: Culdi-r an ! 
Heidi),; N'miipili":!. by \V. Bull. 

Ncw-cullc, Nurlh !>:ii';!<ls, and Tyne- 
mnuth railway viaduct across Wil- 
lingtoii llean, plain and delations. 

Do!| sections. 

Ditto across Ouso Hum Dean, plan anil 

elevation. 
Do., do. 



arch-way of old l.und.m brLdirr-. ;bn-..-- 
ing the sunk weir recommended by 
Mr. Smeaton to lioiii the water up for 



the bendi! nr'tkc ■,vatcr-v l -.i:-;;-:, &<;.. in 



u designed l,y Jaii 



bridge adapted to 
'ibelye. 



: stone pier., by C, 

of the river ribs af the t_ 

dchthcmiddlc arch of Westminster 
dgc was turned, extendin.;: ;li toil, 
signed and executed )>v .Iiim.'.iKing. 
: elevation and plan ui Wmtminater 
■dm. 



i. W.viimm], I.tidirc, <:''■'. iiti.in ami piuil. 
■. V?:t hitiu-eiiv.iitiuii i/' 1 { uleiiesmi bridge, 
bj Hubert 5:tv.-:iwn. 
I.ii:i!riludl[ial t,:clior m' di:.i-,. »ln,fti:ij: 
the progress of the works in 1832. 
I. Cross section of do., showing the build- 
ing apparatus and centre frames. 
P. Cross section of Hutchcson bridge. 
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[RON 3 STONE., TIMBER, AND SUSI'EiVSlON ilRIDUlCS, 



I.,v,,ri|, k :.i r ,Eil 5fC ii on thrdmjhl 

3S, DoBuhi Of CnepltOw bridge. 



i .it.1.1 i tVvrlun :u S..!mi1:„il 
an.] tV.'Vrion railnav l,ri,!-c 11 



IS. Pilin= and timber foui 

uf the lnrirn piers of Chepstow bri 
ifi. Plan uf pier, devotion of 

I " . I-! :L.Li--r.: mtI '.I ibc I <r 



of oi 



i. I'lan a n;i iiriiin <■■! Tu li-^u erfCtcil 
over tb( Thn]n» St Slain In. 

L IHcialian ni;J pl.ins (if :!i.. \V .•;!<:: i. v 
Im.i.-e :ii Limerick. ■ 

.. i:>v:.i;.,n ..f j,[,t iriil iLilL-i-.r,:,. Kir!, 

of balmier, transverse section through 

. Ii.:.U-, , 1" Jtru, ipfan mill elevation. 
. Do., elevation 0/ one of the land arches. 



l^li;., . 



ridge through 1)10 centre of one of 
le land arvhes, plan 01" [he abutments, 
.'tuning .valla, &c. 
■ration of Ihn Devil' • bridge over 
- Lucca, Italy r, plan, 



the Serchi 

deration, 1 

.■■'1, Bridge in-mss the river l-'urtli at Stir/mr, 



'_„:■, l.iMi-iiuilninl section of the same. 

iii . YiniV nr bridge 00 the Utica nnd Syra- 



_ ( . . ,nof uOfecf. ^ ^ 

spin oiailrt'i. 
fen. Do., iiomolrical projection. 
Si, Do., plan, elcrution, nnd cron section, 

Ota, Timber bridge, span of SI feet 

fli. Abutment far n brnlfto of fiz feet span 

OS. Trestle bridge, Oneida' Creek Valley, 

Do P . elcvatbn of ipan of LSllfcrt. 



I t, 1;,- Imdtre, Onomlaoo Creek Valley, 
A great variety of details of joinery. 



J3. Details of do. 



, i. !'o. 

rs, do. 

7U. Haildhncy budge, c 
shire, detail, of thi 
g, Do. 
:-. !)o. 
Do. 



over the Lea, el.iiaiiuii nnd pi 
iid. Do!! sections, enlarged view of j 

SI rf S Drc n got! ^rin cipl c .™" ' " 
SS. Pcrroiicl'sdcsienforlhe bridge 

^eine at .llulu'n, s.'clit.nti, si. 
Bo. Brighton chain pier, portions. 

go. Wreck of do. in Oct. IBM. 

32. Longitudinal and transverse set 

cut-iron awing bridge. 
03. Longitudinal section mid trnnavr 

ncd- plate of c.ist-iron mine; bi 
94. Elevation and plan of coat-trot 

bridge, Plymouth. 
[15. Gerard's Hostel bridge, Cambridge, 
-ted by the Butteries Companv, fW. 



C. Jlvlne.; elevation ami piiin. 
96. Do., section, and, detail n of.do. 

"3. Fribourg siftpensinn bridge, general 



muin piers, with approaches enlarged, 

99- U D 'i lections and details of do. 
too. ma. Do. do, 
101. Pmfeasor Moseley'i diagram* of the 

Wi. Itobert Slerenion'i deration of 1 chain 
bridge upon the catenarian principle. 
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JOHN WEALE'S NEW LIST OF WORKS 



SUPPLEMENT TO THE PRECEDING WORK 
ON BRIDGES. 



Odder Bridges. Tim! 



TUB CAEPJiNTEK'S NEW GUIDE : 



C0HF2ISIKH ALL THE E 



S.VTAEY PRINCIPLES ESSEKTIAL FOR ACQdlRIEa 1 

I theory ABB practice of CARrtSTRT. 
A NEW EDITION. 



THE PRACTICAL RAILWAY ENGINEER : 



examples or tut: mix :]>-.;: cal and ESGismaiKa 

0QHBI8ED IN THR MAKISQ OF A 
Br 0. D. DEJirSEY, Civ. 
Section I.— Curves, gradients, gauge, anil Wviicn IV.- 



or (;,:-. KiiH.;;— M.-!ti:;g<.-.i!. ;n: ii-c— Wor,:- 
tng plans and sections— Computing quan- 
■:.-Or:::niT.L; (he 
Section III.— Earthworks, cuttings, im- 
bj:::::i cuts, nnd drains. 

L Cuttings. 

2, 3, 4. Earthwork;!, excavating. 
A. Ditto, embanking. 
9. Ditto, waugan-i. 

7. Drains uiidcr bridges. 

8. Brielt aud Btnun i:ii!v.'rli 

9. Paved 01 

" i?: ........ 

brick :md stoiia. 



.Sci'iicn IV.- Ec:;;::;;::it x:\V.s, bridge?, tun- 
Section V. — Permanent way and constnid- 

Scction VII.— Belling stook — Carriages, 

trucVs, v.-!ji els, ami a?;iea— Erakes, and 
di tails— T.-. . rmolivo eiiKLinsn and tenders. 
Soo lion VI 1 1 . — Signalsaiid electric telegraph. 

42. Ditto ditto, details. 

43. Ditto, spring-crossings. So. 
14. Ditto, turn tabic. 

45, 46. Terminal station. 



i3. Watering apparatus. — (A). 
i"4. Ditto, (13.1 Uetaila ot punai 
ii Dittn, (C.) DLtmljioI^r.gi^ 
irl. Ditto, (U.) Ci'.TH'., 



32. Dotsi 
S3. Creos 
5*. FormBnant way and 



dgs. 



.n.blBiijMl r 
if Chepstow 

ilinS, A 

, —J rails. 

BS. Ditto, chairs. 
■8. Ditto, fish-Joints, ilc. 

87. Ditto, fish-Joint chairs. 

88, 80. Ditto, east-iron sleepers 
"' '■ *"- "'iphenson's, Brunei* 

and Dnckray'a. 



Macneiil's, 
41. Ditto, c- 



jof at King's Crot 



B9. Iron Bud'iovered waggons. 
TO. Details ot brakes. 
71. Wheels and details. 



4 JOHN WEALE'S NEW LIST OF WORKS. 

In 1 Vol. 4to, extra clotb, boards and lettered, 67 Engravings, 2U., 

DESIGNS AND EXAMPLES OF COTTAGES, 
VILLAS, AND COUNTRY HOUSES ; 

BEING THE STUDIES OF SEVERAL EMINENT ARCHITECTS AND BUILDERS. 



In Imperial Svo., with 13 largo folding Plates, extra cloth boards, price 12*, 

A PRACTICAL AND THEORETICAL ESSAY 
ON OBLIQUE BRIDGES. 

D. GEORGE WATSON BUCK, M.Inet. C.B. 



DESCRIPTION TO DIAGRAMS FOR FACILI- 
TATING THE CONSTRUCTION OF 
OBLIQUE BRIDGES. 



Br H. B1KL0W, C.E., 
nd Edition, 



In 1 toI. .to., 60 platen with dimsnaioni, extra oloOl boards, prion 

EXAMPLES FOB 
BUILDERS, CARPENTERS, AND JOINERS; 



ILLUSTRATIONS OF It 



T MODERN ART AND 



the Wooden Columns 
in King's College. 
Mclfi^ „■;■ 

Flan and 10levati,>:i ol the Aihu.avi::.. 

Club House. 
Do. do. Arthur's Club, SL James' 

Do. do. details. 

it Verandah, 
f do. 

ir Verandah. 

I."-. Devils of do 

IB. Design for Verandah. 
17. Details of do. 

It!. Elevation of a Group of New Houses. 

19. Joinery of Doors. 

20. Base, Surbaae, aud Dado. 
SI, Plan and Elevation of Doors. 



1. Section of tho framing or frontiapict 

I. Riiof at Charter Huti-t.^, 

5. „ Clerkmwoll CS^vcn. 



. Gate at tho town entrance to the 

Iloyal Mews, Windsor. 
. Ju:iie:y i.t this L*n^i: of r^utliorland's, at 

Lillesbnll. 
. Muliiona of Windows, do. 
,. Plan and Elevation of a Public-houso. 
.. F.xetcr Hall loof. 
. Country mansion. 



Longitudinal Section, do. 
Windows, Doors, lie. do. 
Windows, Ac. 
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